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Abstract 



O ' 

£\j ' Let k be an algebraically closed field. Let A be a noetherian commutative ring annihilated 

, by an integer invertible in k and let £ be a prime number different from the characteristic 

of k. We prove that if X is a separated algebraic space of finite type over k endowed with 
an action of a fc-algebraic group G, the equivariant etale cohomology algebra H* ([X/G], A), 

<^ . where [X/G] is the quotient stack of X by G, is finitely generated over A. Moreover, for 

coefficients K G D£ ([X/G], We) endowed with a commutative multiplicative structure, we 

£f~^ , establish a structure theorem for H*([X/G], K), involving fixed points of elementary abelian 

^-subgroups of G, which is similar to Quillen's theorem 1311 6.2] in the case K = We . One key 
ingredient in our proof of the structure theorem is an analysis of specialization of points of 

\^ , the quotient stack. We also discuss variants and generalizations for certain Artin stacks. 

<:■ 

^ ! Introduction 

<tf : 

In [3T], Quillen developed a theory for mod i equivariant cohomology algebras Hq(X,¥(.), where 
£ is a prime number, G is a compact Lie group, and X is a topological space endowed with an 
action of G. Recall that, for r G N, an elementary abelian i- group of rank r is defined to be a 
group isomorphic to the direct product of r cyclic groups of order £ [311 §4] . Quillen showed that 
!^ Hq(X,A) is a finitely generated A-algebra for any noetherian commutative ring A [3TJ 2.2] and 

■ established structure theorems ( |31L 6.2], 8.5]) relating the ring structure of Hq(X,¥i) to the 
CT) \ elementary abelian ^-subgroups A of G and the components of the fixed points set X A . We refer 

■ the reader to [23 §1] for a summary of Quillen's theory. 

I/"-) | In this article, we establish an algebraic analogue. Let k be an algebraically closed field of 

characteristic ^ £ and let A be noetherian commutative ring annihilated by an integer invertible 
in k. Let G be an algebraic group over k and let X be a separated algebraic space of finite type 
over k endowed with an action of G. We consider the etale cohomology ring H*([X/G], A) of the 
J> | quotient stack [X/G]. One of our main results is that this ring is a finitely generated A-algebra 

■ (|4.6|) and the ring homomorphism 

S ■ H*([X/G],¥ e ) ^mH*(BA,¥i) 

A 

given by restriction maps is a uniform F- isomorphism (|6.10[) . i.e. has kernel and cokernel killed 
by a power of F : a i-> a 1 (see 16.91 for a review of this notion introduced by Quillen [22 §3] ) . 
Here A is the category of pairs (A, C), where A is an elementary abelian ^-subgroup of G and C 
is a connected component of X A . The morphisms in A are given by elements g G G such that 
Cg = C and g^ 1 Ag C A'. We also establish a generalization (jeTTCjl for H*([X/G],K), where 
K G D+([X/G],¥e) is a constructible complex of sheaves on [X/G] endowed with a commutative 
ring structure. 

A key ingredient in Quillen's original proofs is the continuity property [311 5.6]. In the algebraic 
setting, this property is replaced by an analysis of the specialization of points of the quotient stack 
[X/G]. In order to make sense of this, we introduce the notions of geometric points and of l- 
elementary points of Artin stacks. Our structure theorems for equivariant cohomology algebras 
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are consequences of the following general structure theorem (|8.3[1 : if X = [X/G] or X is a Deligne- 
Mumford stack of finite presentation and finite inertia over k, and if K £ D+(X,W£) is endowed 
with a commutative ring structure, then the ring homomorphism 

H*(X,K)^ hm H*(S,x*K) 

x: S->X 

given by restriction maps is a uniform i^-isomorphism. Here the limit is taken over the category 
of ^-elementary points of X. 

In [55] we established an algebraic analogue [55] 7.2] of a localization theorem of Quillen [3"T1 
4.2], which he had deduced from his structure theorems for equivariant cohomology algebras. This 
was one of the motivations for us to investigate algebraic analogues of these theorems. We refer 
the reader to [TO] for a report on the present article and on some results of [55] . 

In Part U we review background material on quotient and classifying stacks (Section [I} , and 
collect results on the cohomology of Artin stacks (Section[5]) that are used at different places in this 
article. The ring structures of the cohomology algebras we are considering reflect ring structures 
on objects of derived categories. We discuss this in Section [3] 

The reader familiar with the general nonsense recalled in Part U could skip it and move directly 
to Part[TTl which contains the main results of the paper. In Section[5J we prove the above-mentioned 
finitcness theorem (14.61) for equivariant cohomology algebras. One key step of the proof amounts 
to replacing an abelian variety by its ^-divisible group, which was communicated to us by Deligne. 
In Section O we present a crucial result on the finiteness of orbit types, which is an analogue of 
[311 6.3] and was communicated to us by Serre. 

In Section [HI we state the above-mentioned structure theorems (16.101 16 . 16f> for equivariant 
cohomology algebras. In Section [71 we introduce and discuss the notions of geometric points and 
of ^-elementary points of Artin stacks. Using them we state in Section [5] the main result of this 
paper, the structure theorem (|8.3|) for cohomology algebras of certain Artin stacks, and show that 
it implies the structure theorems of the equivariant case. In Section [HI we establish some Kiinneth 
formulas needed in the proof of 18.31 which is given in Section [TO] Finally, in Section [TT] we prove 
an analogue of Quillcn's stratification theorem [35] 10.2, 12.1] for the reduced spectrum of mod £ 
etale equivariant cohomology algebras. 

The results of this paper have applications to the structure of varieties of supports. They will 
be the object of a future article. 
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Conventions 

We fix a universe U, which we will occasionally enlarge. We say "small" instead of "W-small" when 
there is no ambiguity. We say that a category is essentially small (resp. essentially finite) if it is 
equivalent to a small (resp. finite) category. Schemes are assumed to be small. Presheaves take 
value in the category of U-sets. For any category C, we denote by C the category of presheaves 
on C, which is a W-topos if C is essentially small. 
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By a stack over a U-site C we mean a stack in groupoids over C [35J 02ZI] whose fiber categories 
are smallQ By a stack over an algebraic space S, we mean a stack over the big fppf site of S. By a 
stack, we mean a stack over Spec Z. We say a morphism / : X — > y of stacks is representable if for 
every scheme £7 and every morphism y: U — > y, the 2-fibcr product U Xy,y,f X is representable 
by an algebraic space (this property is called "representable by an algebraic space" in [35J 02ZW]) 
By an Artin stack (resp. Deligne-Mumford stack) over S, we mean an "algebraic stack" (resp. 
Deligne-Mumford stack) in the sense of [351 026O] (resp. [351 03YO]), namely a stack X over S 
such that the diagonal Ax ■ X — >• X x 5 X is representable and such that there exists an algebraic 
space X over S and a smooth (resp. etale) surjective morphism X ^ X over S. Unlike [26] , we 
do not assume algebraic spaces and Artin stacks to be quasi-separated. Unless otherwise stated, 
groups act on the right. 

If /: C — > V is a fibered category, we denote by C(U) (or sometimes Cjj) the fiber category of 
/ over an object U of T>. 
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Part I 

Preliminaries 

1 Complements on quotient stacks 

Classically, if G is a compact Lie group, a classifying space BG for G is the base of a contractible 
(right) G-torsor PG. Such a classifying space exists and is essentially unique (up to homotopy 
equivalence). If X is a G-space (i.e. a topological space endowed with a continuous action of G), 

^^Thc fiber categories of prestacks over C are also assumed to be small. 
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one can twist X by PG and get a space PG A G X, defined as the quotient of PG x X by the 
diagonal action of G, ((p,x),g) M- (pg,xg). This space PG A G X is a fiber bundle over BG of 
fiber X, and PG x X is a G-torsor over PG A G X. If A is a ring, the equivariant cohomology of X 
with value in A is defined by 

H* G {X, A) := H*(PG A G X, A) = H*(BG, Ptt*A) 

where 7r : PG A G AT — > BG is the projection. The functorial properties of this cohomology, intro- 
duced by Borel, are discussed by Quillen in [3TJ Section 1]. 

A well-known similar formalism exists in algebraic geometry, with classifying spaces replaced 
by classifying stacks. We review this formalism in this section. 

Construction 1.1. Let G be a category in which finite products are representable. We define the 
category 

Eq(G) 

of equivariant objects of G as follows. The objects of Eq(G) are pairs (X, G) consisting of a group 
object G of G and an object X of G endowed with an action of G, namely a morphism X x G — > X 
satisfying the usual axioms for composition and identity. A morphism (X, G) — > (Y, H) in Eq(G) is 
a pair (/, u) consisting of a homomorphism u: G — > H and a u-equivariant morphism /: X — > Y. 
Here the u-equivariance of / is the commutativity of the following diagram in G: 

X x G ^ X 

uxf 

Y x H Y 

While Eq(G) is a category, groupoids in G form a (2,l)-categorj@ 

Grpd(G). 

If X, is a groupoid of G, we denote by sx '■ X\ — > AT (resp. tx ■ X\ —> Xo) the source (resp. 
target) morphism, and nix ■ X\ y*t x ,x ,s x X\ — > X\ the composition morphism. A 1-morphism 
/. : X, — >• Y, is a functor from X, to Y,. If /. : X, — > Y,, g,: X, —> Y, are 1-morphisms, a 
2-morphism /. =>■ g % is a morphism of functors from /, to g t , i.e. a morphism r: Xq — > Y\ of 
G such that syr = /q, iyr = 50, and for any (m: a — > b) G Xi, <7i(u)r(a) = r(b)fi(u), i.e. 
m Y {gi,rs x ) = m Y {rtx,h)- 

An object (AT, G) of Eq(G) defines a groupoid in G 

(X,G). 

with (X, G)i =IxG, (A", G)o = X, the source (resp. target) morphism given by (x, g) ^ x (resp. 
(x,g) t-y xg), and the composition of arrows by (xg,h){x, g) = (x,gh). The inverse morphism is 
(x,g) H- (x<7,g _1 ) (cf. 26, 3.4.3], where the conventions for source and target are different, and 
[3"51 0444], where the group acts on the left). 

A morphism (/, u) : (X,G) -y (Y,H) inEq(G) gives a morphism of groupoids (/, u), : (X,G), —¥ 
{Y, H),, (f,u) = f, (f,u)i = f X it: (x,g)>-t (f(x),u(g)). However, not every morphism of grou- 
poids from (X, G). to (Y, H), is of this form (as we will see in the next proposition). 

This defines a functor 

(1.1.1) Eq(G) -> Grpd(G). 

The maximal 2-subcategory Grpd Eq (G) of Grpd(G) spanned by the objects in the image of the 
above functor can be described as follows. 

Proposition 1.2. Let (X,G), (Y, H), and (Z,I) be objects o/Eq(G). 

(a) For any morphism of groupoids ip = (ipo.ipi): (AT, G). — > (Y,H) m , there exist a unique pair 
of morphisms f:X—>Y, u: X x G — > H such that ipi(x,g) = (f(x),u(x,g)), and the pair 
(/, u) satisfies the following relations: 



2 A (2,l)-category is a 2-category whose 2-morphisms are invertible. 
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(i) f is w-equi variant, i.e. f(xg) = f(x)u(x,g). 

(ii) u(x,g)u(xg,g') =u(x,gg'). 

Conversely, any pair (f,u) satisfying (i), (ii) defines a morphism of groupoids tp m . Moreover, 
if (a,u): (X,G), — > (Y,H), and (b,v): (Y,H) m — > (Z,I), are morphisms of groupoids, the 
composition is given by (ba,w), where w: X x G — >• I is given by w(x,g) — v(a(x), u(x, g)). 

(b) Let ipi — (fi,Ui): (X,G), —± {Y,H) m (i = 1,2) be 1-morphisms of groupoids. Then a 2- 
morphism from p\ to ip 2 is a morphism r: X — > H satisfying the relations 

(i) fx{x)r{x) = f 2 (x), 

(ii) u x {x,g)r{xg) = r(x)u 2 (x, g). 

Composition of 2-morphisms is given by multiplication in H . 

We will sometimes call a morphism «:IxG4G satisfying (a) (ii) a crossed homomorphism. 

Proof. In (a), the existence and uniqueness of (/, u) are clear, and (i) (resp. (ii)) expresses the 
compatibility of ip with the source and target morphisms (resp. the composition of arrows). The 
proof of (b) is straightforward. □ 

Definition 1.3. We say that a pseudofunctor F; C — > T> between 2-categories is faithful (resp. 
fully faithful) if for every pair of objects X and Y in C, the functor Home (X, Y) — > Homj)(FX, FY) 
induced by F is fully faithful (resp. an equivalence of categories). We say that F is essentially 
surjective if for every object Y of T>, there exists an object X of C and an equivalence FX ~ Y 
in V. 

Construction 1.4. Let £ be a W-topos (we'll be mostly interested in the case E is the topos 
of fppf sheaves on some algebraic space). A groupoid X, in E defines a category [X,]' fibered 
in groupoids over E whose fiber at U is X,(U). This is an i?-prestack, and, as in J_6, 3.4.3], we 
denote the associated E'-stack 02ZP] by [X,]. If ir denotes the canonical composite morphism 

tt: X ^ [X.]' ^ [X.], 

the groupoid can be recovered from tt: there is a natural isomorphism 

(1.4.1) X l ^X x lXm] X 

identifying the projections p\, p 2 with s, t. More generally, there is a natural isomorphism of 
simplicial objects 

(1.4.2) Ner(X.) ^> cosk (7r) 

between the nerve of the groupoid X, and the 0-th coskeleton of tt. 

We denote by Stack(iJ) (resp. PreStack(E)) the (2,l)-category of _E-stacks (-E-prestacks) . The 
pseudofunctor Grpd(E') — > PreStack(£') sending X, to [X,]' is fully faithful and the pseudofunc- 
tor from PreStack(_E) — > Stack(-E) sending an E'-prestack to its associated I?-stack is faithful. 
Therefore, the composite pseudofunctor 

(1.4.3) Grpd(£) -> Stack(£) 

sending X, to its associated i?-stack [X m ] is faithful. In other words, if X,, Y, are groupoids in E, 
and ifi : X m — > Y t {i = 1, 2) is a morphism of groupoids, then the natural map 

Hom(^i, ip 2 ) — J* Hom([(pi], [cp 2 ]) 

is bijective. However, in general, not every morphism /: [X,] — > \Y m ] is of the form [ip] for a 
morphism of groupoids tp: X, — > Y, (see ll.7|) . On the other hand, p.4.3p is essentially surjective. 
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Notation 1.5. In the case of the groupoid (X, G), associated with a G-object X of E, the stack 
[(X, G).] is denoted by 

(1.5.1) [X/G] 

and called the quotient stack of X by G. For X = e the final object of E (with the trivial action 
of G), it is called the classifying stack of G and denoted by 

(1.5.2) BG:=[e/G]. 

Recall ([251 2.4.2], [35J 04WM]) that the projection X -4 [X/G] makes X into a universal G- 
torsor over [X/G], i.e., for U in E, the groupoid \X/G](U) is canonically equivalent to the category 
of pairs (P,a), where P is a right G^-torsor and a is a G-equivariant morphism from P to X; 
morphisms from (P, a) to (Q, b) are G-equivariant morphisms c: P — > Q such that a = fee. 

The action of G on X is recovered from it: the isomorphism (|1.4.ip takes the form 

(1.5.3) X xG ^ X x [x/G] X, 

identifying the projections p±, pi with (x,g) x, (x,g) <-> xg. 

In particular, if X = e, for U in E, BG(U) is the groupoid of G-torsors on U, which justifies the 
terminology "classifying stack". On the other hand, the projection [X/G] — > BG induces X — >• e 
by the restriction B{1} — s- BG, so that one can think of [X/G] — > BG as a "fibration" of fiber X. 
In other words, [X/G] plays the role of the object PG A X recalled at the beginning of Section [1] 

In order to describe morphisms from [X/G] to [Y/H] associated to morphisms of groupoids 
from (X, G), to (Y,H),, we need to introduce the following notation. Let (X, G) be an object of 
Eq(E), and let u: X x G — > H be a crossed homomorphism (11.21) . We denote by 

(1.5.4) X A G < U H 

the quotient of X x if by G acting by (x, h)g = (xg, u(x, g)^ 1 ^). This is an ff-object of E, the 
action of H on it being deduced from its action by right translations on X x if. For any ff-object 
Y of E, the map 

(1.5.5) Kom u (X,Y) -*Kom H (X A G ' U H,Y) 

sending a w-equivariant morphism / (jl.2l (a) (i)) to the morphism f u : (x, h) i— ► f(x)h is bijective. 

When u: X x G — >• ff is defined by u(x,g) = uo(g) for a group homomorphism uq: G H, 
X A G,U ff coincides with the usual contracted product [T51 III 1.3.1], i.e. the quotient of X x ff by 
the diagonal action of G, (x, h)g := (xg, uo(g) -1 /i). 

The following proposition, whose verification is straightforward, describes the restriction of 
(fTX3D to Grpd Eq (£). 

Proposition 1.6. Let (X, G) and (Y, H) be objects ofEq(E). 

(a) Let (f,u): (X, G). — > (Y,H) % be a morphism of groupoids \1. ty) . and let 

[f/u]: [X/G] -> [Y/H] 

be the associated morphism of stacks. For(P,a) £ [X/G](U), [f /u](P, a) is the pair consisting 
of the H-torsor P A G ' V H (where v is the composition of a x idc :PxG->IxG and u) 
and the H -equivariant morphism a" : P A G ' V H — » Y defined by f via (jl.5.5p . We will denote 
by a^' u ) the morphism a v . 

(b) Let (pi,if2,r be as in \1. 6 A (b). Then the 2-morphism [r] : [/i/iti] — > [/2/U2] induced by r is 
given by the Y -morphism P f\ G ' Vl H — >• P /\ G ' V2 H sending (p, h) to (p,r(a(p))^ 1 h). 

For a crossed homomorphism u: X x G — > ff, The unit section 1 of ff defines a u-equi variant 
morphism 

(1.6.1) l u : X -»■ X A G ' U ff. 
The morphism of fJ-stacks 

(1.6.2) [X/G] -4- [(X A G ' U H)/H] 
induced by (TTXTD sends T -> X to T A G > U H -> X A G <" ff. 
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Remark 1.7. The restriction of (|1.4.3[) to Grpd Eq (E) is not fully faithful in general. In other 
words, for objects (X, G), (Y, H) of Eq(E), a morphism of stacks [X/G] — > [Y/H] does not neces- 
sarily come from a morphism of groupoids (X, G). — > (Y, H),. In fact, in the case G = {1} and Y 
is a nontrivial TEtorsor over X, any inverse of the equivalence [Y/H] — > X does not come from a 
morphism a groupoids. Sec ll,17l for a useful criterion. See also [3H1 5.1] for a calculus of fractions 
for the composite functor Eq(E) Stack(E) of (jl.l.lj) and p.4.3p . 

Definition 1.8. We say that a groupoid X, in E is an equivalence relation if (sx,£x): — ^ 
Xo x Xq is a monomorphism. In this case, the associated E-stack [X m ] is represented by the 
quotient sheaf in E. We say that the action of G on X is free if the associated groupoid (X, G), 
is an equivalence relation. In this case, [X/G] is represented by the sheaf X/G. 

We say that a morphism X — > Y in a 2-category C is faithful (resp. fully faithful) if for every 
object U of C, the functor Hom([7, X) — > Hom([/, Y") is faithful (resp. fully faithful). We say 
that a morphism of E-prestacks X y is faithful (resp. a monomorphism, resp. an equivalence) 
if it is faithful (resp. fully faithful, resp. an equivalence) in the 2-category of E-prestacks. This 
is equivalent as saying X(U) — > y{U) is a faithful functor (resp. fully faithful functor, resp. an 
equivalence of categories) for every U in E. 

If X' is an E-prestack and X is its associated E-stack, then the canonical morphism X' — > X is 
a monomorphism. Let (/, u) : (X, G) — > (Y~, H) be a morphism of Eq(E). If u is a monomorphism, 
then [f/u] : [X/G] ->■ [F/iT] is faithful. 

Remark 1.9. The category Eq(E) admits finite inverse limits, whose formation commutes with 
the projection functors pi : (X, G) H> X and p^ : (X, G) i-> G from Eq(E) to -E and to the category 
of groups of E respectively. In particular, a commutative square in Eq(E), 

(1.9.1) (x / ,G') i -^2(Y',H') 

(p,u) (q,v) 

(X, G) (/,7) ; (F, H) 

is cartesian if and only if the squares deduced by p\ and pi are. A commutative square (|1.9.1[) 
gives a 2-commutative square of E-stacks 

(1.9.2) [X'/G 1 ] ^ [Y'/H'} 



[X/G] [Y/H]. 

It is not true in general that if (|1.9.ip is cartesian, (|1.9.2p is 2-cartesian, as (11.5. 3[) already shows. 
On the one hand, the functor Eq(E) — > Grpd(E) sending (X, G) to (X, G). carries finite inverse 
limits to finite inverse strict limits^. The category Grpd(E) admits finite inverse strict limits, 
whose formation commutes with the projection functors X. t— > Xq and X m t— > X\ from Grpd(E) 
to E. On the other hand, the pseudofunctor Grpd(E) — > Stack(E) does not send strictly cartesian 
squares to 2-cartesian squares in general, as we have just observed (since the cartesian square 
(II .9. If) gives a strictly cartesian square of groupoids). 

We will need the following result, which is a partial generalization of [301 5.4]. 

Proposition 1.10. 

(a) Consider a strictly cartesian square 

k — *y: 

" 

X. ^Y. 

3 By a strict limit in a 2-category, we mean a limit in the underlying category. By a strictly cartesian square in 
a 2-category, we mean a cartesian square in the underlying category. 
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in Grpd(-E). Then the induced morphism of E -stacks [X' m ] — > [X,] X[y,] \y»] is a monomor- 
phism hi. Sty . 

(b) Consider a cartesian square (jl.9.1|) in Eq(E'). If the morphism 
(1.10.1) H'xG^H 

in E given by (h, g) t-> hg is an epimorphism, then (|1.9.2p is 2-cartesian. 
Proof, (a) We say that a 2-commutative square 

x' — *-y' 



X > Y 

in a 2-category C is weakly 2-cartesian if the induced morphism X' — >• X Xy Y 1 is fully faithful. 
Here X XyY' denotes the 2-fiber product. A strictly cartesian square in C is weakly 2-cartesian. 
The assertion then follows from the fact that the functor Grpd(-E) — > PreStack(-E) preserves finite 
strict inverse limits and the pseudofunctor PreStack(£') — > Stack(S) preserves weakly 2-cartesian 
squares, 
(b) Let 

a: [X'/G 1 ] -> X := [X/G] x [Y/H] [Y'/H 1 ] 

be the induced morphism of i?-stacks. In view of (a), we have to show that for any object V 
of E, the functor ay. [X'/G']v — > Xy is essentially surjective. By definition, for any object V 
of E, Xy is the category of triples ((T, t), (T', t'),s), where (T,t: T ->■ X) is an object of [X/G] v , 
{T',t': V -> Y') is an object of [Y'/H'] v , and s: [f/u] v (T,t) -> [q/v] v (T' ,t') is an isomorphism. 
In other words (|1.6I (b)), s: T A G ' 7 H — > T" A H iJ is an isomorphism of iJ-torsors over V, 
compatible with the morphisms to Y (i.e. with qi' = ft). The morphism a sends an object (P, to) 
of [X'/G'] v to ([p/w]yP,[/7 7 V(^«),0: wh ere a: [fp/ju] v (P,w) -> [g/7«7V(*» is the 
obvious isomorphism. By (a), a is a monomorphism. It remains to show that for any object V 
of E and any object a — ((T,t), (T',t'), s) of Xy, there exists a cover (14 — > V^igj and, for every 
i € 7, an object (Pi,Wi) of LY'/G"]^ such that a(Pi,Wi) ~ ay 4 . Take a cover (Vi — s> V)i^j such that 
for every i, Ty 4 and Ty. are both trivial and choose trivializations of them. Then sy i is represented 
by the left multiplication by some hi 6 H{Vi). By the assumption on (jl.10.ip . we may assume 
hi = h'^i, h' i e H'(Vi), gi £ G{Vi). In this case, the square 

(1.10.2) Hy-^+Hy 

A A" 1 

i 

Hy i >■ Hy i 

commutes where X 9i is the left multiplication by <?.; and A^' is the left multiplication by h^. Thus 
p,10.2p gives an isomorphism ay i ~ bi, where 6, = ((Gy , iA" 1 ), (H Vi ,t'\ h > ), 1). Let p$ : ify -4 F 
be the morphism (tA" 1 )^' 7 ^ = (t'A/j' )( 9 '") with the notation of 11.61 (a). Taking the product of 
(Gy^tXg. 1 ) and (H v .,t'Xh'.) over p.; gives us an element (Pi,Wi) of [X/G]y 4 , where Pj = Gy l Xh' 
Hy i and Wi = t X~ 1 x Pi t'A^' , whose image under a is 6,; . □ 

Corollary 1.11. Suppose u: G — > H is an epimorphism of groups of E, with kernel K. Then the 
natural morphism 

BK ^ e x BH BG 

is an isomorphism. 

In other words, we can view Bu: BG — > BH as a fibration of fiber BK. 

Corollary 1.12. Let (X,G) be an object in Eq(75), H be a normal subgroup of G acting freely 
11.8(1 on X. Then the morphism f : [X/G] — > [(X / H) / (G / H)] is an isomorphism. 
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Proof. Applying II. 101 to the cartesian square 

(X,H) ^{X/H,{1}) 



(X,G) *(X/H,G/H) 

in Eq(-E), we obtain a 2-cartesian square 

[X/H] [X/H] 



[X/G] 



[(X/H)/(G/H)} 



of -E-stacks, where the top horizontal arrow is the identity and the right vertical arrow is a faithful 
cpimorphism. Thus / is an isomorphism. □ 

The following induction formula will be useful later in the calculation of equivariant cohomology 
groups (cf. [SJ (1-7)]). 

Corollary 1.13. Let (X, G) be an object ofF,q(E) and u: X xG —> H be a crossed homomorphism. 
Assume that the action of G on X x H , as defined in \1.5\ is free 11. 8\) . Then f: [X/G] — > 
[X /\ G - U H/H] (|1.6.2p is an isomorphism. 

Proof. The morphism / can be decomposed as 

[X/G] A [X x H/G X H] A [X A G ' U H/H], 



where /3 is an isomorphism bv ll.121 and a is induced by the morphism X — > X x H given by the 
unit section of H and the crossed homomorphism X x G — >• G x H sending (x, g) to (g,u(x,g)). 
Since a is a 2-section of the morphism [X x H/G x H] — > [X/G], which is an isomorphism bv ll.121 
a is also an isomorphism. □ 

Corollary 1.14. Let u: G > H be a monomorphism of group objects in E. Then 

(a) The morphism of stacks BG — > [(G\H)/H] is an equivalence. 

(b) The natural morphism G\H — > e x bh BG is an isomorphism. 

In other words, (a) says that, for any homogeneous space X of group H, if G is the stabilizer 
of a section x of X, then the morphism BG — > [X/H] given by x: e — > X is an isomorphism, while 
(b) can be thought as saying that BG BH is a fibration of fiber H/G. 



Proof. Assertion (a) follows from 11.131 Assertion (b) follows from 11.101 applied to the cartesian 
square 

(G\H,{1}) -(e,{l}) 



(G\H, H) 



(e,H) 



and from (a). 



□ 



Construction 1.15. We will apply the above formalism to a relative situation, which we now 
describe. Let X be an i?-stack. We denote by Stack/^ the (2,l)-category of i?-stacks over X. An 
object of Stack/^ is a pair {y,y), where y is an iS-stack and y: y — >• X is a morphism of E'-stacks. 
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A morphism in Stack/* from (y,y) to (Z, z) is a pair (/, a), where /: y — > Z is a morphism of 
-E-stacks and a : y — > zf is a 2-morphism: 

(1.15.1) y— f -^Z 



X 

The morphism / is necessarily faithful (|1.8|) . A 2-morphism (/, a) — >■ (g,/3) in Stack/* is a 2- 
morphism ry: / — > g in the (2,l)-category Stack(E) such that /3 = (z *rj) o a. 

A morphism y : y — > X of E-stacks is faithful (|1.8[) if and only if for any object U oi E and any 
morphism x: [/ — > X, the 2-fiber product U x x ,X,y y is isomorphic to a sheaf. Consider the full 
2-subcategory S of Stack/* whose objects are pairs (y, y) where y is faithful. For any morphism 
{f, a): {y,y) —> (Z,z) in 5, / is necessarily faithful. A 2-morphism r\: (f,a) — > (g,(3) m <S, if it 



exists, is uniquely determined by (/, a) and (<?,/3). In other words, if we denote by Stack/*" 1 the 
category obtained from <S by identifying isomorphic morphisms, then the 2-functor S —> Stack/^, th 
is a 2-equivalence. 

For any morphism (f>: X — ► y of -E-stacks, base change by 4> induces a functor Stack/^ th — > 
Stack^ a * th . If S is an object of E, Stack/^* 11 is equivalent to E/g. More generally, if U, is a groupoid 

in E, Stack/j 1 ^] is equivalent to the category of local systems above [U»], i.e. objects of E over 
Uo endowed with a descent datum relative to U,. In particular, if (A, G) is an object of Eq(E), 
Stack^^y G j is equivalent to the category of G-objects of E, equivariant over X. For example, 
Stack^g is equivalent to the topos Bq of Grothendieck. 

Proposition 1.16. 

(a) The category Stack/ 3 ^" 1 is a IA -topos. 

(b) Let X be a stack. For any stack y over X, associating to any stack Z faithful over X the 
groupoid Horn* (2, [V) defines a stack y_ over Stack/* th . The morphism 

(1.16.1) Stack/* — > Stack(Stack^ a * th ), y i-> y 

is a 2-equivalence. 

Proof, (a) We apply Giraud's criterion [331 IV 1.2]. If T is a small generating family of E, then 
Y[ Ue7 -0b(X(U)) is a small generating family of Stacky^J . Let us now show that every sheaf T 
on Stack/* th for the canonical topology is representable. Consider, for every object U of E, the 
category of pairs (x, s) consisting of x € X(U) and s € T(x,J-), where the last occurrence of x is 
to be understood as the object x: U — > X in Stack/^ th . A morphism (x, s) H> (y, t) is a morphism 
a : x — > y in X(U) such that a*t = s. This defines an E-stack X'. The faithful morphism X' — > X 
of E-stacks defined by the first projection (x, s) i— > x represents J- . The other conditions in Giraud's 
criterion are trivially satisfied. Thus Stack /* th is a W-topos. 

(b) We will construct a quasi- inverse to (|1.16.1|) . let C be a stack over Stack^ a * th . For every 
object U of E, consider the category of pairs (x, s) consisting of x G X(U) and s G C(x). A 
morphism (x,s) — > (j/, t) is a pair (a,/3) consisting of a morphism a: x — > y in ^(t/) and a 
morphism fj: a*t —¥ s in C(x). This defines an E-stack y. The first projection (x, s) <— > x defines 
a morphism y — > X of E-stacks. The construction C ^ (y -> A 1 ) defines a pseudofunctor 

(1.16.2) Stack(Stack) a * th ) ->■ Stack/*, 

which is a 2-quasi-inverse to (|1.16.1|) □ 
Composition of p.4.3J) and (|1.16.2|) is a faithful and essentially surjective (|1.3|) pseudofunctor 

(1.16.3) Grpd(Stack) a * th ) ->■ Stack/*. 
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We denote the image of a groupoid A. in Stack under (|1.16.3p by [X,/X], and the image of a 
morphism /. of groupoids under p,16.3|) by [f./X]. For (X, G) in Eq(Stack/ a £ h ), we denote the 
image of (X, G). under (11.16.31) by [X/G/X]. For (/, u) : (X, G). -> (Y, H)„ we denote the image 
under (11.16.31) by [f/u/X]. 

We now apply the above formalism to the big fppf topoi of algebraic spaces. Recall that a stack 
is a stack over the big fppf site of Spec Z. The following result will be useful in §§71 [51 

Proposition 1.17. Let X be a stack, X,, Y % be objects in Grpd(Stackj/^ th ). Assume that Xq is a 
strictly local scheme and the morphisms Y% Yq are representable and smooth. Then the functor 
induced by (|1.16.3J) : 

F: Hom Grpd(stack ^t h) (X.,y.) -> Hom sta ck / ^([X./A'], [Y./X]) 
is an equivalence of categories. 

Proof. It remains to show that F is essentially surjective. Let <j>: [X,/ X] — > [Y./.-t] be a morphism 
in Stack/^. Take a 2-cartesian square 



X 



Y n 



X 



[X./X] 



[Y./X] 



Since X' is representable and smooth over Xq, it admits a section by (T7J 17.16.3 (ii)], which 
induces the 2-commutative square 



X Q 



/o 



Y 



[X./X] 



[Y./X] 



Let fx = /o x f 
^ [/./*]• 



X\ — )■ Y\ . Then /. : A. — )■ Y, is a morphism of groupoids in Stack/^ th and 



vy^, the full subcategory of Stack 



faith 



□ 



/A' 



Remark 1.18. Let X be a stack. We denote by Stack rep 

sisting of representable morphisms X — > X. A morphism in this category from X-^-XtoY^X 
is a morphism X — ¥ Y of stacks equipped with a 2-morphism (|1.15.1|) . The morphism X — s> Y is 
necessarily representable. Assume that X is an Artin stack. For any object X 
X is necessarily an Artin stack. For any object (d, t) : X\ 

flat and locally of finite presentation, then [A,/^] is an Artin stack. In particular, for any object 



X of Stack 1 ^, 
Xq in Grpd(Stack^), if d and t are 



(A, G) in Eq(Stack 
Artin stack. 



IX. 



with G flat of and locally of finite presentation over X, [X/G/X] is an 



2 A descent lemma and a projection formula for the etale 
cohomology of Artin stacks 

Notation 2.1. Let X be an Artin stack. We denote by AlgSpy^ the full subcategory of Stacky^ 
(|1.18|) consisting of morphisms U —> X with U an algebraic space. Let Stack™' rop (resp. Spjx) 
be the full subcategory of Stack^ (resp. AlgSp/^) consisting of smooth morphisms U — > X. The 
covering families of the smooth pretopology on Stack™' rcp (resp. Sp™) are those (Ui ~ > ?7)i£j 
such that Yliei Ui ~ > U is smooth and surjective. The covering families for the etale pretopology 
on Sp™ are those (Ui — > U)i eI such that ]J ieI Ui — > U is etale and surjective. Since every smooth 
cover in Sp™ has an etale refinement by [T7J 17.16.3 (ii)], the smooth pretopology and the etale 
pretopology generate the same topology on Sp™. Following [2^1 12.1], we define the smooth-etale 
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site of X to be the category Sp™ endowed with this topology. Following |2J 5.3], we define the 
smooth site of X to be the category Stack™' rop endowed with the topology generated by the smooth 
pretopology. 

Lemma 2.2. The topology on the smooth- etale site Sp™ is induced from the smooth site Stack™' rep 
by the inclusion functor i: Spy'J — > Stack™' rcp . Moreover, l induces an equivalence of topoi. 

In the sequel we identify the two topoi to a topos denoted by X sm , called the smooth topos 
ofX. 

Proof. The second assertion follows from the first one and [43, III 4.1] . Since every smooth covering 
in Sp™ is a covering in Stack™' rcp , it is also a covering for the induced topology by [331 HI 3.3]. 
Conversely, let X be an object of Sp™ and let R be a covering sieve of U for the induced topology. 
By [431 III 3.2], uR is a covering sieve of X in Stack™' lcp . It follows that l\R contains the sieve 
generated by a smooth cover {Xi — > X)i & j. Up to refining this cover, we may assume that every 
Xi is an algebraic space. Then R is a covering sieve for the smooth-etale topology. □ 

Notation 2.3. The category of sheaves in X sm is equivalent to the category of systems (F u , O4,), 
where u: U — >• X runs through objects of Sp™, <fi: u — » v runs through morphisms of Sp™, F u is 
an etale sheaf on U, and 8^ : <p*T v — > T u , satisfying a cocycle condition [2S1 12-2] and such that 6^ 
is an isomorphism for <fi etale. Recall [25] 12.3] that a sheaf T on X is said to be cartesian if 9$ is 
an isomorphism for all <fi, or, equivalently, for all <j> smooth [251 3.8]. We denote by Sh cart (A') the 
full subcategory of Sh(A" sm ) consisting of cartesian sheaves. 

Let A be a commutative ring. Recall [551 18.1.4] that, if A is noetherian, a sheaf J- of A- 
modules on X is said to be constructible if J- is cartesian and if J- u is constructible for some 
smooth presentation u: U — > X, or equivalently, for every smooth presentation u: U — > X. We 
denote by Mod cart (A', A) (resp. Mod c (A', A)) the full subcategory of Mod(X snl , A) consisting of 
cartesian (resp. constructible) sheaves. 

We denote by D cart (X, A) (resp. D C {X, A)) the full subcategory of D(X sm , A) consisting of com- 
plexes with cartesian (resp. constructible) cohomology sheaves. We have D C (X, A) C D calt (X , A). 
The derived tensor product [221 18.6.4] 

<8>£: D(X sm ,A) x D(X sm , A) D(X am , A) 

preserves D c&vt {X,A) and D~(X,A). Note that ® L is here defined on unbounded derived cate- 
gories. 

If A 7 is a Deligne-Mumford stack, we denote by X et or simply X its etale topos. The inclusion 
of the etale site in the smooth site induces a morphism of topoi (e*,e*): X sm — > X ct . Note that 
e* is exact and e* induces an equivalence from X et to Sh cart (A'sm)- For any ring A, e* induces 
D(X, A) A- D caTt (X, A). 

Notation 2.4. Let / : X — y be a morphism of Artin stacks and let A be a commutative ring. 
It is shown in [571 0-1] that the functor /* : Mod car t (y, A) — > Mod car t(A', A) extends to a functor 

/*: D Datt (y,A)->D eaxt (X,A) 1 

which is t-exact for the canonical ^-structures. Moreover, it is shown in loc. cit. that this functor 
admits a right adjoint 

Rf*:D caxt (X,A)^D aat (y,A) 

with 

/* = n°RU: Mod cart (A, A) Mod car t (J 7 , A) 

being right adjoint to /*: Mod cart (3 ; , A) — > Mod cart (A', A). Note that i?/* is defined on the whole 
category Z? C art, not just on D^ al . t . For M,N e D calt {y, A), we have a natural isomorphism 

f*(M ®i N) ^ f*M ®% f*N. 

If / is a surjective morphism, then /* is conservative. 
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A 2-morphism a : f => g of morphisms of Artin stacks X — > y induces natural equivalences 
a* : g* /* and i?a* : i?/* =>- -Rg*. The following squares commute 



Ra, 



izw*,A) ==> i?/*/* <?*i?/* =^=> g*Rg 



Ra, 


a' 


y 


1 - 



Recall that a morphism of Artin stacks / : X — > y is universally submersive |38l 06U6] if 
for every morphism of Artin stacks y' — »• the base change 3^' x y X — > y is submersive, i.e. 
submersive on the underlying topological spaces. 

Proposition 2.5. Let f : X — >• y be a morphism of Artin stacks and let A be a commutative 
ring. Assume that f is universally submersive (resp. either faithfully flat and locally of finite 
presentation or proper surjective). Then f is of descent (resp. effective descent) for cartesian 
sheaves of A-modules. 

In other words, /* induces an equivalence from Mod car t (y) to the category of descent data, 
whose objects are cartesian sheaves T on X sm endowed an isomorphism p\T — > p^J 7 satisfying the 
cocycle condition, where p\,pi\ X Xy X — > X are the two projections. 

Proof. Let us first prove the case when / is a morphism of algebraic spaces. In this case, the 
category of cartesian sheaves is equivalent to the category of etale sheaves. Choose an etale 
presentation g: X' — > X. Up to replacing / by fg we may assume / schematic by [TJ] 6.25 (ii)]. 
Since surjective etale morphisms of algebraic spaces are of effective descent, we may assume / is a 
morphism of schemes by [T3] 6.25 (i)]. In this case, the assertion is [13 VIII 9.1] (resp. [333 VIII 
9.4]). 

In the general case, choose a smooth presentation g: X — » X. Up to replacing / by fg, we 
may assume / representable. By the definition of cartesian sheaves, the sieve generated by Sp™ 
in Stack^ is of effective descent. Moreover, the base change Y Xy X ^ Y oi f by any Y — > y in 
Sp™ is of universal descent (resp. universal effective descent) by the last paragraph. We conclude 
by PU 6.27 (i)]. □ 

Corollary 2.6. Let S be an algebraic space, G a flat group algebraic S-space locally of finite 
presentation, and X an algebraic space over S, endowed with an action of G. Denote by a: G x$ 
X — s> X the action and by p: G Xg X ^ X the projection, and let f : X —> [X/G] be the canonical 
morphism. Then f* identifies Mod car t([A/G], A) with the category of pairs (T,a), where J- G 
Mod(A, A) and a: a* J- — > p*J- is a map satisfying the usual cocycle condition. 

Note that the cocycle condition implies that i*a: T — > T is the identity, where i; X — > G Xj X 
is the morphism induced by the unit section of G. 

Proof. Indeed / satisfies the assumptions of 12.51 □ 

Corollary 2.7. Let S and G be as m l £.61 Assume that G has connected geometric fibers. Then 
the functor 

e*: Mod car t (BG, A) Mod(5, A), 
induced by the morphism e : S — > BG defined by the unit section of G is an equivalence. 

Proof. Applying the above remark to X = S, we find that cartesian A-modules on BG correspond 
by e* to A-modules J on 5 endowed with an action of G, i.e. a homomorphism of group spaces 
p: G — > Aut(JF) over S. The image of such a homomorphism p is the unit section. Indeed, this 
can be checked over geometric points s — > S, so we may assume that S is such a point. But as G 
is connected and Aut(F) is discrete, this image is {1}. One could also observe that in this case 
a: p*T — > p* J- is necessarily the identity as G is connected and i*a is the identity by the remark 
following CIS □ 
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Remark 2.8. The morphism e in 12.71 corresponds to the trivial G-torsor on S. If /: S -4 BG is 
a morphism corresponding to an arbitrary G-torsor T on S, as the sheaf of automorphisms of T 
is G, cosko(/) is naturally identified to cosko(e), and the argument in 12.71 shows that the functor 

(2.8.1) /* : Mod cart (BG, A) -> Mod(S, A) 

is an equivalence. Such a morphism / is a section of the projection n: BG — > S. The equivalence 
(|2.8.ip implies that /* and /* are quasi-inverse to each other. Therefore, the natural transforma- 
tions 

induced by the unit transformation idMod(s,A) — ^ /*/* are natural equivalences. In particular, we 
have natural equivalences /*7r* ~ id and tt* f* ~ id. 

Lemma 2.9. Let X be an Artin stack, M £ D car t(<^', A), I G Z be an interval. The following 
conditions are equivalent: 

(a) For every N G Mod cart (^, A), W(M ®^ N) = /or allqeZ-I. 

(b) For every N G Mod (A), % 9 (M ®^ iV) = for all q e Z -I. 

(c) For every geometric point i: x — > X, i*M as an element of D(x,A) is of tor- amplitude 
contained in I . 

If the conditions of the lemma are satisfied, we say M is of cartesian tor-amplitude contained 
in /. If M G _D cart (A', A) has cartesian tor-amplitude contained in [a, +oo) and N e D^ rt (Af, A), 
then M ® L K N is in D%£ h (X, A). 

Proof. Obviously (a) implies (b) and (b) implies (c). Since the family of functors i* : D calt (X, A) — > 
D(x,A) is conservative, where i runs through all geometric points of X, (c) implies (a). □ 

Proposition 2.10 (Projection formula). Let f : X —> y be a morphism of Artin stacks and let 
A be a noetherian commutative ring, L G D cai t(X,A), K G D c (y,A) such that T-i q K is locally 
constant for all q. Assume one of the following: 

(a) A is a finite product of regular local rings and K G D + , L G D + . 

(b) A is a finite product of local rings and K has finite cartesian tor- amplitude. 

(c) Rf* : D ca _ vt (X , A) — > D car t(y, A) has finite cohomological amplitude and either K G D~ or L 
has finite cartesian tor- amplitude. 

Then the map 

K® L K RUL^ RU{f*K®lL) 

induced by the composite map 

f*(K <g>£ RUL) ^ f*K ®i f*Rf*L — > f*K ® L 

is an isomorphism. 

Proof. In case (a), we may assume K G D b c (y, A) and we are then in case (b). In case (b), we may 
assume that T-L q K is a constant sheaf for all q and it then suffices to take a finite resolution of K 
by finite projective A-modules. In the first case of (c), we may assume K G D h c {y,A). We may 
further assume that K is a constant sheaf. It then suffices to take a resolution of K by finite free 
A-modules. In the second case of (c), we reduce to the first case of (c) using the following corollary 
of the first case of (c). □ 

Corollary 2.11. Let f : X — > y be a morphism of Artin stacks and let A be a noetherian com- 
mutative ring. Assume that the functor i?/* : D calt (X, A) — ► D cavt {y, A) has finite cohomological 
amplitude. Then, for every L G D caTt (X, A) of cartesian tor-amplitude contained in [a, +oo), Rf*L 
has cartesian tor-amplitude contained in [a, +oo). 
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Proof. This follows immediately from 12.91 and 12.101 (c) . 



□ 



The following statement on generic constructibility and generic base change generalizes [291 
9.10]. 

Proposition 2.12. Let Z be an noetherian Artin stack and let f: X — > y be a morphism of 
finitely-presented Artin stacks over Z. Let A be a noetherian commutative ring annihilated by an 
integer invertible on Z, L £ D+(X,A). Then for every integer i there exists a dense open substack 
Z° of Z such that 

(i) The restriction of R l f*L to Z° Xz y C y is constructible. 

(ii) R l f*L is compatible with arbitrary base change of Artin stacks Z' — > Z° C Z. 
Proof. Recall first that for any 2-commutative diagram of Artin stacks of the form 

h' 



X" ■ 

f" 
y" 



X' 



y 



■ c 



y 



the following diagram commutes: 
(2.12.1) {gh)*Rf*L- 



Rfi'(g'h')*L 



h*g*Rf*L ■ 



h*b a 



h*Rf'J*L- 



Rf:h'*g'*L 



where b g h, b g , bh are base change maps. 

If Z is a scheme, then, as in [521 9.10], cohomological descent and the case of schemes [TUJ Th. 
fmitude 1.9] imply that there exists a dense open subscheme Z° of Z such that (i) holds and that 
R l f*L is compatible with arbitrary base change of schemes Z' — > Z° C Z. This implies (ii). In 
fact, for any base change of Artin stacks g: Z' — ► Z° C Z, take a smooth presentation p : Z' — > Z' 
where Z' is a scheme. Then b p is an isomorphism and b gp is an isomorphism by assumption. It 
follows that p*b g and hence b g are isomorphisms. 

In the general case, let p: Z — > Z be a smooth presentation where Z is a quasi-compact scheme. 
By the preceding case, there exists a dense open subscheme Z° C Z such that after forming the 
2-commutative diagram with 2-cartesian squares 




the restriction of R % fz*P*xL to Z° Xz yz is constructible and that R % fz*p* x L commutes with 
arbitrary base change of Artin stacks W — > Z° C Z. We claim that Z° = p(Z°) satisfies (i) and 
(ii). To see this, let p° : Z° — >• Z° be the restriction of p. By definition p° is surjective. Then (i) 
follows from the fact that 

p°y*(R l f*L\Z° x z y)~ R*f z *p* x L\Z° x z y z 



is constructible. For any base change of Artin stacks Z' 
square: 



Z°, form the following 2-cartesian 



Z' 



z° 



Z' 
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By (|2.12.ip . b p i{p'*b g ) = bh(h*b p o). Since p° and p' are smooth, b p o and b p > are isomorphisms. By 
the construction of p°, bh is an isomorphism. It follows that p'*b g and hence b g are isomorphisms. 

□ 

3 Multiplicative structures in derived categories 

Definition 3.1. For us, a (^-category is a symmetric monoidal category [25] VII §7], that is, a 
category T endowed with a bifunctor ® : T x T -> T, a unit object 1 and functorial isomorphisms 

ftLA/jv : L <g> (M ® N) ->• (i <g> M) <g> N, 

c M N- M ® AT -> TV (g) M, 
tijvr : M (g) 1 ->• M, %:1(8M^M, 

satisfying the axioms of ?oc. cit.. We define a pseudo-ring in 7" to be an object AT of T endowed 
with a morphism m: K ® K ^ K such that the following associativity diagram commutes: 



K®{K®K) i ^^K®K 



(K®K)®K^£K®K^^K. 




A pseudo-ring (A", to) is called commutative if the following diagram commutes 




K®K 



A homomorphism of pseudo-rings (AT, m) — > (AT', to') is a morphism f:K—^K'ofT such that 
the following diagram commutes: 

K®K — K 



K' ® AT' 



/ 



AT'. 



We define a Ze/£ (K,m)-pseudomodule to be an object M of T endowed with a morphism n: K < 
M — » M such that the following diagram commutes 



K®(K<g)M) -^3- AT <g M 



( AT <g AT) <g M AT <g M — — >- M. 




A homomorphism of left (AT, m)-pseudomodules (M, n) — > (M 7 , n') is a morphism h: M —> M' of T 
such that the following diagram commutes 



K®M — 

id K 0h 

K®M' — 



M 



M'. 



Definition 3.2. Let / : (AT, to) — >• (AT', to') be a pseudo-ring homomorphism. We define a splitting 
of / to be a morphism n: K' (g AT — > A', making A' into a (A'', TO,')-pseudomodule and such that 



1G 



the following diagram commutes 



K®K ^-h£ K'(g)K K' <g> K' 




Definition 3.3. We define a ring in T to be a pseudo-ring (if, m) in T endowed with a morphism 
e : 1 — >■ K such that the following diagrams commute: 



K®K 




1®K-^^K®K 



K. 




(Thus a commutative ring in our sense is a "monoid" in the terminology of 28, VII §3].) The unit 
1 endowed with ui : 1 ® 1 — > 1 and idi : 1 — > 1 is a commutative ring in T. A ring homomorphism 
(K,m,e) —> (K 1 ,m' , e') is a pseudo-ring homomorphism /: (K,m) — > (K 1 ,m!) such that the 
following diagram commutes: 

1 — e —^K 

f 
K'. 

A left (K,m,e)-module is a left (K, m)-pseudomodule (M,n) such that the following diagram 
commutes 




1 <g> M ■ 




■K®M 



M. 



A homomorphism of left (K,m, e) -modules (M,n) — > {M' ,n') is a homomorphism between the 
underlying left (K, rn)-pseudomodules. 

Construction 3.4. Let T = (T,®,a,c,U,v) and T' = (T',®,a',c',u',v r ) be (g>-categories, 
uj : T — > T' be a functor. A left-lax ^-structure on w is a natural transformation of functors 
T x T — > T' consisting of morphisms of T 7 

omn ■ oj(M <g> N) uj(M) ® oj(N), 

such that the following diagrams commute: 

u(L ® (M ® AT)) Ql " Mt8 " W (L) ® w(M <8> JV) " (L)C3 ° M " w(L) ® (w(M) <g> w(J\T)) 

u ("iMJv) a »(l]u(J(]u(I() 

w((i ® M) ® iV) 0I,8M '" cj(L ® M) ® w(JV) !f^g^ (o;(L) ® W (M)) ® w(tf) 
w(M ® AT) — ^ w(M) ® w(N) 

w(cAfJv) 

w(AT <g> M) 

A right-lax (^-structure on w is a left-lax (^-structure on Lij op : T op — > T'° p . It is given by functorial 
morphisms 

t MN : lj(M) ® u(N) ->■ cj(M <g> AT), 

such that the above diagrams with arrows o inverted and replaced by t commute. A (^-structure 
on ui is a left-lax <g>-structure o such that omn is an isomorphism for all M and AT. In this case 



■u}(N)®cj(M). 
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tMN = o MN defines a right-lax Cg>-structure. If t is a right (^-structure on uj and (K,m) is a 
pseudo-ring in T, we endow uj(K) with the pseudo-ring structure 



uj{K) $ u{K) ^ u){K <g> if) ^> w(J)T). 

If, moreover, (M, n) is a left (K, m)-pseudomodule, we endow uj(M) with the left w(-ftT)-pseudomodule 
structure 

uj{K) <g> w(Af) ^> w(Jf (8) M) w(Af). 

If (K, m) is commutative, then U)(K) is commutative. This construction sends homomorphisms 
of pseudo-rings to homomorphisms of pseudo-rings and homomorphisms of left pseudomodules to 
homomorphisms of left pseudomodules. 

If (u),t), (u)',t') are functors endowed with right-lax (g)-structures, we say that a natural trans- 
formation a : uj => uj' preserves the right-lax (^-structures if the following diagram commutes 



■w(M®N) 



uj'{M®N) 



uj'(M)®oj'(N) - 

In this case, for any pseudo-ring K in T, uk '■ w(K) — > uj' '(K) is a homomorphism of pseudo-rings. 

Construction 3.5. Now suppose that uj: T —> T 1 admits a right adjoint r : T' — > T . For any left- 
lax (^-structure o on u>, endow r with the right-lax (^-structure t such that tMN '■ t(M) ® t(N) — > 
t{M <8> N) is adjoint to the composition 

uj(t(M) ® t(N)) ° T(M)T(Af) ) uj{t{M)) ® uj(t(N)) " M8aw > M ® N, 

where olm'- w(t(M)) — > M, a^: uj(t(N)) — > N are adjunction morphisms. It is straightforward 
to check that this construction defines a bijection from the set of left-lax (g)-structures on uj to the 
set of right-lax (gi-structures on r. 

In the above construction, if o is a <8>-structure on uj, then the adjunction morphisms a : ujt => 
id-7-' and /3 : idj- tuj preserve the resulting right (^-structures. 

Construction 3.6. This formalism has a unital variant. A left-lax unital ^-structure on a functor 
uj: T — >• T' is a left-lax ^-structure endowed with a morphism p: uj(1) —> 1' in T 7 such that the 
following diagrams commute 



uj(M <g> 1) 

oj(« m ) 

cj(M) ■ 



• w(M) <g> w(l) 

w(M)(g>p 

-cj(M) <g> 1' 



w(l <g>M) ■ 

u(vm) 
uj{M) 



■uj{1)®uj(M) 

p®ui(M) 

- V ®uj(M) 



A right-lax unital (^-structure is a left-lax unital ^-structure on uj° v : T op — > T'° p . It consists of 
a right <S>-structure endowed with a morphism s: 1' — > w(l) in T 7 such that the above diagrams, 
with arrows o inverted and replaced by t, arrows p inverted and replaced by s, commute. A unital 
^-structure is a left-lax unital <g>-structure (o,p) such that o is a (^-structure and p is invertible. 
Constructions IBT^l and 1X51 can be carried over to the unital case. 

Let T be a 0-category, C be a category. Then the category T c of functors C op — > T has a 
natural (8>-structure. The constant functor T — > T c defined by M n- (M )c is a unital £g>-functor. 

Construction 3.7. Let X = (X,Ox) be a commutatively ringed topos. Two <g>-categories will 
be of interest to us: 

(a) The category D(X) = D(X,O x ), equipped with ®£ x : D(X) x D(X) -» D(X) [H 18.6.4]. 

(b) The category GrMod(X) = GrMod(JT, O x ) of graded O x -modules H = ® neZ H n , with ® 
given by (H <S> K) n = H l ®o x K J , the isomorphism c: H <E> K ^ K <E> H being given 
by the usual sign rule. 
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The cohomology functor 

H* : D(X) GrMod(A) 

has a natural right-lax unital (^-structure given by the canonical maps WL®U*M -> U*(L® L M) 
(which is a unital ^-structure when Ox is a constant field, which is the case we are mostly interested 
in). 

Let f : X = (X, Ox) — > Y = (Y, Oy) be a morphism of commutatively ringed topoi. We endow 
/* : GrMod(Y) — > GrMod(A) with the unital (^-structure defined by the functorial isomorphisms 

f*(M ®N) -> f*M ® f*N, fOy^Ox- 

We endow Lf* : D(Y) D(X) [H 18.6.9] with the unital (^-structure defined by the functorial 
isomorphisms 

Lf*(M (E> L N) -> Lf*M ® L f*N, Lf*Oy -> Ox- 

We endow the right adjoint functors /* : GrMod(A) GrMod(F) and Rf* : D(X) -> D(Y) with 
the induced right-lax unital C§)-structures. 

Construction 3.8. Let X be an Artin stack, A be a commutative ring. We consider the 
(^-categories -D car t(A',A) and GrMod car t(.-f , A), the category of graded cartesian sheaves of A- 
modulcs. 

Let / : X — >• y be a morphism of Artin stacks. As in !3.7l we endow the functors /* : GrMod cart (3 / ', A) — > 
GrMod cart (A', A) and /* : D cax t(y, A) — > D calt (X, A) with the natural unital (^-structures. We en- 
dow the right adjoint functors /*: GrMod cart (3 ; , A) — ► GrMod cart (A', A) and Rf*: D calt {X,A) — > 
Dcait (y, A) with the induced right-lax unital <S>-structures. 

Assume that A is annihilated by an integer n invertible on y. Then we have Rf~ : D caT t{y, A) — ^ 
D caIt (X,A). As in [TU1 Cycle (1.2.2.3)], for M and N in D calt (y, A), we have a morphism 

f*M ® L Rf N -> Rf {M ® L N) 

given by the morphism RfN -> Rf'RMom(M, M ® L N) ~ RHom(f*M,Rf ] (M ® L N)). For a 
pseudo-ring (L, m) in D calt (y, A), we endow with the left /*L-pseudomodule structure given 

by the composition 

f*L ® L RfL Rf'{L ® L L) RfL 

Assume moreover that / = i is a closed immersion. Then the right-lax (^-structure on £* = itt* 
is an isomorphism and its inverse is a (8>-structure consisting of a functorial isomorphism 

U{M ® L N) i- t M ® L UN. 

We endow the right adjoint functor Rv of i* with the induced right-lax (^-structure. Note that the 
right unital <g>-structure on i* is not invertible in general. For a pseudo-ring (L,m) in D cai t(y,A), 
the above left i*L-pseudomodule structure on Ri'L is a splitting of the homomorphism of pseudo- 
rings 

In the rest of this section, we discuss multiplicative structures on spectral objects. We will 
only consider spectral objects of type Z, where Z be the category associated to the ordered set 
ZU {±oo}. 

Definition 3.9. Let T be category endowed with a bifunctor <g> : TxT->T. Let J be a category 
endowed with a bifunctor * : J x J — > J. Let X, X', X" be functors J — >• 7~. A pairing from A, A' 
to A" is a natural transformation of functors J x J — ¥ T consisting of morphisms of T 

X(j)®X'(f)^X(j*f). 

Assume moreover that (7~, <8>) and (J, *) are endowed with structures of (^-categories. A pairing 
from A, A to A is called associative if for € J, the following diagram commutes 

X{j) ® (A(j') ® A(j")) X(j) ® A(/ * j") A(j * Cj' * /')) 

a a 

(A(j) ® A(i')) (8 A(j") A(j * /) ® A(j") A((j * /) * j"), 
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and is called commutative if for j, j' G J, the following diagram commutes 



(3.9.1) X(j)®X(f) 

c c 

X{j')®X(j) *X{j'*j). 



Assume moreover that T is additive and ® is an additive bifunctor. Let 6 be the (g>-category 
given by the discrete category {±1} and the ordinary product. Let a: J — > & be a ^-functor. 
A pairing from X, X to X is called a -commutative if for j, j' G J, the diagram (13.9.ip is 
max { (7 ( j ) , a ( j ' ) } - commut at ive . 

Construction 3.10. Let Ar(Z) be the category of morphisms of Z = Z U {±oo}. We represent 
objects of Ar(Z) by pairs (p, q), p,q G Z, p < q. Let Ar~ be the full subcategory of Ar(Z) spanned 
by Ar(Z U {— oo}) and let Ar_oo be the full subcategory of Ar(Z) spanned by pairs (-co, q) for 
geZ. We endow Ar~ and Ar„oo with structures of ^-categories, compatible on Ar" n Ar_oo, as 
follows. For (p,q), (p',q') in Ar~, we define 

(p, q) * (p', q 1 ) = (q + q' - 1 - min{g -p, q' - p'}, q + q' - 1). 

Here we adopt the convention that (— oo) — (— oo) = 0. For q,q' G Z, we define 

(-oo, q) * (-00, g') = (-00, q + q' - 1), 

which is compatible with the previous definition for q,q' G Z U {-co}. 

Definition 3.11. Let V be a triangulated category endowed with a triangulated bifunctor ®:Dx 
V -> V 23, 10.3.6]. Let (X, 6), (X',5), (X", 8") be spectral objects with values in V [331 H 
4.1.2]. A pairing from (X, 5), {X 1 ,5') to (A",<5") consists of a pairing from X | Ar~, X' | Ar~ to 
X" | Ar - and a pairing from X | Ar_oo, X' | Ar_oo to X" | Ar_oo, namely a natural transformation of 
functors Ar~ x Ar _ — > T> and a natural transformation of functors Ar_oo x Ar-oo — ^ T> consisting 
of morphisms of T> 

X(p, q) ® X'{p', q') -> X"((p, 9 ) * (p', </)), 

compatible on Ar - n Ar-oo, such that for p, q, r,p', q' , r' G Z U {— oo} satisfying r — q = r' — q' > 
and q — p = q' — p' > 0, the diagram 



X(q, r) ® X'(g', r') »- X"(g", r") 

(<5®id,id(g)(5') 5" 

X(p, «?)[!] ig) A'(«/, r') 8 X(q, r) ® X'fc/, <?')[!] *"(p". <?")M 



commutes. Here r" = r + r', q" = q + r' = q' + r, p" = p + r' = p' + r. 

Assume moreover that (X>, ®) is endowed with a structure of ®-categorjQ A pairing from 
(A, 6), (X,S) to (X,5) is called associative (resp. commutative) if the underlying pairings from 
X | Ar - , X' | Ar~ to X" | Ar~ and from X | Ar_oo, X | Ar_oo to A | Ar-oo are. 

Example 3.12. Let (A, Ox) be a commutatively ringed topos, K, K' , A" G D(Ox)- We consider 
the second spectral object (A, S) associated to A [Ml HI 4.3.1, 4.3.4], with K(p,q) = t^~^K. 
Similarly, we have spectral objects (A', 5'), (A", 6"). A map A ® L K' -> A" in D(O x ) defines a 
pairing from (A, (5), (A',<5') to (A",<5") given by 

T \P,Q-1] K ®L T \p',Q'-i] K > ^ t >p"( t \p,q-i] K rb'^'- 1 ]^') ~ q-—P ff (t—^~^JC ® l t^- x K') 

A tIp"' 9 "- 1 ]^ ® L A') -> rip"'""- 1 ] A", 

4 Here we do not assume that the constraints of the (^-category are natural transformations of triangulated 
functors 1231 10.1.9 (ii)] in each variable. 
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where (p", q") = (p, q) * (p', q'), a is given by the map r^ q - 1 K ® l t^'- 1 K' -> r^ q "- x (K ® l K") 
induced by adjunction from the map r- q ~ 1 K <g> L r- q K' — > K ® L K' . Moreover, if if is a 
pseudo-ring (resp. commutative pseudo-ring), then the induced pairing from (K, 8), (K, 8) to (K, 8) 
is associative (resp. commutative). 

The above also holds with D{Ox) replaced by D caTt (X, A), where X is an Artin stack and A 
is a commutative ring. 

Definition 3.13. Let A be an abelian category endowed with an additive bifunctor ®: A x A — >• A. 
Let (22™, 8), (H' n , 8'), (22"™, 8") be spectral objects with values in A [Ml II 4.1.4]. A pairing from 
(H n ,S), (H' n ,8') to (H" n ,8") consists of a pairing from 22* | Ar~, H'* | Ar~ to H"* | Ar" and a 
pairing from H* | Ar_oo, H'* | Ar_oo to H"* | Ar-oo, namely a natural transformation of functors 
Ar~ x Ar~ — > A and a natural transformation of functors Ar_oo x Ar_oo — > A consisting of 
morphisms of A 

H n (p,q)®H' n '(p',q>) -> H" n+n '((p,q) * (p',q')), 

compatible on Ar - n Ar-oo, such that for p, q, r,p', q' , r 1 G Z U {-co} satisfying r — q = r' — q' > 
and q— p = q' — p'>0, the diagram 

H n (q,r)®H' n '(q',r') ^ H" n+n ' (q" ,r") 



(<5®id,(-l)"id®<5') 



<5" 



H n+1 (p, q) ® H' n \q' >') © H n {q,r) <g> H' n ' +1 (p' \q>) > i2" n +™' +1 (p", g") 



commutes. Here r" = r + r', q" = q + r' = q' + r, p" = p + r' = p' + r. Note that if (H n , 8), 
(H' n , 5'), and (H" n , 8") are stationary [Ml H 4.4.2], then the pairing from H* | Ar_oo, H'* | Ar_oo 
to H"* | Ar_oo is uniquely determined by the pairing from H* | Ar - , H'* | Ar - to H"* | Ar - . In fact, 
in this case, for every n, there exists an integer u(n) such that for every q > u(n), the morphism 
H n (—oo, q) — > 22™(— oo, +oo) is an isomorphism. 

Consider the induced spectral sequences (£f =>#"), {E' 2 pq =^ H' n ), (E'J, pq => 22"") given 
by [Ml II (4.3.3.2)]. A pairing from (H n ,S), (H' n ,8') to {H" n ,8") induces compatible pairings of 
differential bigraded objects of A 

E p r q ®E' p ' q ' ^ e'; p+p ' < q+q ' 

for 2 < r < oo (satisfying d(xy) = d{x)y + (—l) p+q xd(y)) and a pairing of filtered^ graded objects 
of A 

F p H n ® F p ' H' n ' — >• F p+P ' H" n+n ' , 

compatible with the pairing on i?oo. 

Assume moreover that (.A, (E>) is endowed with a structure of ©-category. A pairing from 
{H n , 8), (if™, 8) to (22™, <5) is called associative (resp. commutative) if the underlying pairings from 
H* | Ar - , H* | Ar - to H* | Ar - and from H* | Ar_oo, H* | Ar_oo to H* | Ar_oo are associative (resp. 
cr-commutative, where a: Z x Ar(Z) —> & is given by (n, (p,q)) H> (—1)™). An associative (resp. 
commutative) pairing from (22™, <S), (22™, <5) to (H n ,S) induces associative (resp. commutative) 
pairings on Ef q and F p H n . Here the commutativity for Ef and F p H n are relative to the functors 
Z x Z — > 6 given by (p, q) H» (-l) p+9 and (p, n) H» (-1)", respectively. 

Remark 3.14. Let V, V' be triangulated categories endowed with triangulated bifunctors ® : 2? x 
D -> P, ®: P' xO' -> D'. Let r : 2?' — > 2? be a triangulated functor endowed with a natural trans- 
formation of functors 2? x 2? — » V consisting of morphisms t(M)®t(N) — > t(M®N) of V that is 
a natural transformation of triangulated functors in each variable. Let (X, 8), (X' , 8'), (X" , (5") be 
spectral objects with values in T>. Then a pairing from (X, 8), (X' , (5') to (A"", <5") induces a pairing 
from t(AT, <5), t(X', 8') to t(X", 8"). If (2?, <gi), (2?', ®) are endowed with structures of (^-categories 
and r is a right-lax ©-functor, then an associative (resp. commutative) pairing from [X, 8), (X,S) 
to (X,8) induces an associative (resp. commutative) pairing from t(X,8), t(X,8) to t(X,8). 

5 For the filtration, we use the convention F p H n = lm(H n (—oo,n — p + 1) — > H n (—oo,oo)). In particular, in 
Example IXT51 below. FPH n {X,K) = lm{H n (X, r^ n ~P K) -> H n (X, K)). 
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Similarly, let A be an abelian category endowed with an additive bifunctor ® : A X A — > A 
and let H : T> — > A be a cohomological functor endowed with a natural transformation of functors 
V xV ^ A consisting of morphisms H(M) ® H(N) H(M ® AT) of A We adopt the convention 
that for (p,g) and (q,r) in Ar~, the map 8 n : H n (X(q,r)) -)■ iP l+1 (X(p, g)) is (-1)" times the 
map obtained by applying H to 6[n] : X(g, r)[n] — > X(p, g)[n + 1]. Then a pairing from (X, 5), 
(XV) to (X",5") induces a pairing from H*(X,8), H*(X',8') to H*(X",6") given by 

ff(X(p,g)[n])®/f(X / (p , ) g , )M)^- ff (^fee)W®^'(p' J ? / )M) 

~ ff((X(p, q) ® XV. sOM" + n']) -y ff(X"((p, g) * g'))[n + n']). 

Here we have used the composite of the isomorphisms 

M[m] ® X[n] ~ (M ® 2V[n])[m] ~ (M ® X)[m + n] 

given by the structure of bifunctor of additive categories with translation [231 10.1.1 (v)] on 
(g): I? x D — > V. If (P, (g>), (.A, <g>) are endowed with structures of (g)-categories and 77 is a 
right-lax (g)-functor, and if the associativity (resp. commutativity) constraint of (T>, ®) is a natu- 
ral transformation of triangulated functors in each variable, then an associative (resp. commuta- 
tive) pairing from (X, 8), (X,8) to (X, 8) induces an associative (resp. commutative) pairing from 
H*(X,8), H*(X,8) to H*(X, 8). Indeed, the assumption on the commutativity constraint implies 
the (— l) mn -commutativity of the following diagram 

M[m] <g> N[n] — ^ (M <g> 7V[n])[m] — ^ (M <g> 7V)[m + n] 



N[n] (g) M [m] — ^ {N ® M[m])[n] — ^ (X ® M)[m + ra]. 

Example 3.15. Let X be a commutatively ringed topos and let K be an object of D(Ox)- The 
second spectral sequence of hypercohomology 

E p 2 q = H p {X, WK) => H p+( '(X, K) 

is induced from the spectral object H*(K, 8), where (K, 8) is the second spectral object associated 
to K. If K is a pseudo-ring in D(Ox), then Remark 13.141 applied to Example 13.121 endows the 
spectral sequence with an associative multiplicative structure, which is graded commutative when 
K is commutative. 

Part II 

Main results 

4 Finiteness theorems for equivariant cohomology rings 

We will first discuss Chern classes of vector bundles on Artin stacks. Let X be an Artin stack, 
n > 2 be an integer, C be a line bundle on X. The isomorphism class of C defines an element in 
ffH^.Gm)- We denote by 

(4.0.1) ci(£) G H 2 {X,Z/nZ{\)) 

the image of this element by the homomorphism H 1 (X,Gr m ) — > H 2 (X, Z/nZ(l)) induced by the 
short exact sequence 

1 -> Z/nZ(l) -> G m A G m -> 1, 

where the map marked by n is raising to the n-th power. For any integer i, we write Z/riZ(i) — 
Z/nZ(l)®\ We say a quasi-coherent sheaf [38, 06WG] £ on A 7 is a vector bundle if there exists 
a smooth atlas p: X X such that p*£ is a locally free O^-module. The following theorem 
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generalizes the construction of Chern classes of vector bundles on schemes f |341 1.3] and [HJ VII 
3.4.3.5]). If X is a Deligne-Mumford stack, it yields the Chern classes over the etale topos of X 
locally ringed by Ox, defined by Grothcndieck in [THl 1.4]. In particular, it also generalizes [TOl 
2.3]. 

Theorem 4.1. There exists a unique way to define, for every Artin stack X over Z[l/n] and every 
vector bundle £ on X, elements Ci{£) 6 H (X , Z/nZ(i)) for all i > such that the formal power 
series Ct{£) = ^2i>QCi(£)t l satisfies the following conditions: 

(a) (Functoriality) If f : y — > X is a morphism of stacks over Z[l/n], then f*{ct{£)) = c±{f*£); 

(b) (Additivity) If — > £' — > £ — >• £" — >• is an exact sequence of vector bundles, then Ct(£) = 
c t {£')c t (£"); 

(c) (Normalization) If C is a line bundle on X, then C\(C) coincides with the class defined 
in (|4.0.ip and Ct(C) — lx + C\(C)t. Here lx denotes the image of 1 by the adjunction 
homomorphism TLjnL — > H (X,Z/nZ). 

Moreover, we have: 

(d) Cq(£) — lx and Ci{£) — for i > rk(£). 

The Ci(£) are called the (etale) Chern classes of £. It follows from (b) and (d) that Ct{£) only 
depends on the isomorphism class of £ . 

To prove I4TT1 we need the following result, which generalizes [HI VII 2.2] and [Ml 1-2]. 

Proposition 4.2. Let X be an Artin stack, £ a vector bundle of constant rank r on X . Let n 
be an integer invertible on X, A a commutative ring over IjnL. We denote by tt: P(£) — > X 
the projective bundle of £ . Let £ = ci(C(l)) £ H 2 (X,A{1)) as in (I4.U.1|) . Then the powers 
G H 2l (X, A(i)) of £ define an isomorphism of unital rings \3.1\l in D(X,A) 

r-l 

(U,...,^- 1 ): ®A(-i)[-2<]^i27r.A. 

i=l 

Proof. By proper base change [23 0.1.1, 0.1.5], we reduce to the case of schemes, which is proven 
in gl VII 2.2]. □ 

The uniqueness of Chern classes is a consequence of the following lemma, which generalizes [3H 
1.4, 1.5]. 

Lemma 4.3. Let X be an Artin stack, and let n be an integer invertible on X, A a commutative 
Z/nZ- algebra. 

(a) (splitting principle) Let £ be a vector bundle on X of rank r, 7r: J-lag(£) — > X be the fibration 
of complete flags of £ . Then -k*£ admits a canonical filtration by vector bundles such that 
the graded pieces are line bundles, and the morphism A — > Rir*A is a split monomorphism. 

(b) Let E : — > £' — >■ £ A- £" — > be a short exact sequence of vector bundles, tt: Sect(E) — > X 
be the fibration of sections of p. Then Sect(E) is a torsor under Hom(£" , £') and ix*E is 
canonically split. Moreover, the morphism A — > i?7r„,A is an isomorphism. 

Proof, (a) follows from 14.21 as tt is a composite of r successive projective bundles. For (b), up to 
replacing X by an atlas, we may assume that tt is the projection from an affine space. In this case 
the assertion follows from XV 2.2], □ 

To define (k(£), we may assume £ is of constant rank r. As usual, we define Ci(£) £ H 2l (X, 7Ljn7L(i)), 
1 < i < r as the unique elements satisfying 

C+ £ = 0, 

l<i<r 

where £ = ci(C P(£) (-l)) e H 2 {F(£), Z/nZ(l)). We put c (£) = 1 and a{£) = for i > r. The 
properties (a) to (d) follow from the case of schemes. 
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Theorem 4.4. Let S be an algebraic space, n an integer invertible on S , A a commutative Z/nZ- 
algebra. Let N > 1 be an integer, G — GLn^s, and T — Yii=i Ti C G be the subgroup of diagonal 
matrices, where Ti = G m ,s- Let tt: BG — > S, r: BT — > S, /': G/T — > S be the projections, 
k : S — > BG be the canonical section, f : BT — > BG be the morphism induced by the inclusion 
T — > G and h: G/T — > BT be the morphism induced by the projection G — >• S, as shown in the 
following 2-commutative diagram 



(4.4.1) 



G/T ■ 

h 

BT- 



f 



BG 




S. 



(a) Let £ be the standard vector bundle of rank N on BG, corresponding to the natural repre- 
sentation of G in Og . The i-th Chern class Ci{£) of £ induces a morphism 

a l : Ki = A s (-i)[-2i] -)• i?7r»A. 

Let Ci be the inverse image on BT of the standard line bundle on BTi . Lts first Chern class 
Ci(Ci) induces a morphism 



Then the homomorphisms 

(4.4.2) 
(4.4.3) 



Li = A s (-l)[-2] -+Rt,A. 



K = S A (©i< i < A r J ft: 4 ) -> i?7T*A, 

L = S K {®i<i< N Li) -> Rt*A 



defined respectively by on and pi are isomorphisms of ring objects in D(S,A) kS.tfjl . and fit 
into a commutative diagram 



(4.4.4) 



K = S A (8i<i<Arifi) 



i?7T*A ■ 



SA(®l<i<NLi) — L 



"f 



Rt*A, 



where a/ is induced by adjunction by f, and the upper horizontal arrow sends Xi to the i-th 
symmetric polynomial int\, . . . , t^ , where Xi € H 2l {S, K(i)) is the image o/l £ H 2l (S, Ki{i)) 
and U e H 2 (S,L(1)) is the image of 1 £ H 2 (S, L,{1)). 

(b) Let Ci be the image of 1 under H°(S,'H 2l ai(i)), which is the image of Ci(£) by the edge 
homomorphism 

H 2l (BG, A(t)) -> H°(S, i? 2 V*A(i)). 

Let Si be the image of 1 under H a (S, T-L 2 (3i{l)), which is the image of Ci by the edge homo- 
morphism 

H 2 (BT, A(l)) -> H°(S, R 2 t* A(l)). 
Then R q n*A = R q T*A = R q f'^A — for q odd, the homomorphisms 

(4.4.5) c: A s [x x ,...,x N ] R 2 *tt*A(*) 
sending Xi to Ci, and 

(4.4.6) s: A s [h,...,t N ] i? 2 *r„A(*) 



24 



sending ti to Sj are isomorphisms of A- algebras, and they fit into the following commutative 
diagram of sheaves of A-algebras 



(4.4.7) A s [x!,...,x N ] — A s [h, . . . ,t N ] ^As[h,...,t N ]/(a 1 ,...,a N ) 



i? 2 V*A(*) 



i? 2 *r*A(*) 



^v:a(*) 



Here a sends Xi to the i-th symmetric polynomial <7j in ti, . . . , t^ , p is the projection, bf is 
induced by adjunction by f and bh is induced by adjunction by h. In particular, b^ is an 
epimorphism and bf is a monomorphism that identifies R*n^A with (R*t* A) N , where &n 
is the symmetric group on N letters. Moreover, as graded module over R 2 *ir*A(*), i? 2 *r*A(*) 
is free of rank Nl. 

Moreover, the diagrams (14. 4. 4ft and (|4.4.7[) commute with arbitrary base change S' — > S of algebraic 
spaces. 

Proof, (a) follows from the first part of (b) and the commutativity of the left square of (|4.4.7|) . So 
let us prove (b). As in [1, 2.3.1], we approximate BG by a finite Grassmanian G(N, N') = M*/G^j 
where N' > N , M is the algebraic S'-space of N' x N matrices (aij) 1<i<N > , M* is the open subspace 

of M consisting of matrices of rank N. Let BcGbe the subgroup of upper triangular matrices. 
The square on the right of the diagram with 2-cartesian squares 



M* M* jT — M*/B ^ M*/G 




induces a commutative square 



(4.4.: 



Rn*A 



Ru*A 



Rt*A 



Rv*A ■ 



Rw*A. 



Here a p induced by the adjunction A — > Rp*A. The latter is an isomorphism by [331 XV 2.2], 
because p is a (i?/T)-torsor and B/T is isomorphic to the unipotent radical of B, which is an 
affine space over S. The diagram 




induces an exact triangle 

Rz*Ri A -> Rx*A -> Ry*A . 

Since M is an affine space over S, the adjunction A — > Rx*A is an isomorphism [431 XV 2.2]. Since 
x is smooth and the fibers of z are of codimension N' — N + 1, we have Ri'A £ D- 2 ( N ~ JV+1 ) 
by semi-purity QUI Cycle 2.2.8]. It follows that the adjunction A -»■ T^ N '~ N ^Ry^A is an iso- 
morphism. By smooth base change by g (resp. fg) [27, 0.1.5], this implies that the adjunction 

6 This approximation argument was explained by Deligne to the first author in the context of de Rham cohomology 
in 1967. 
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A -)• T- 2( - N '~ N *>Rijj*A (resp. A -> T- 2i - N '~ N ">R(f>*A) is an isomorphism, so that the right (resp. left) 
vertical arrow of t- 2 ( n ~ Ar ) (|4,4,8p is an isomorphism. 

The assertions of (b) then follow from an explicit computation of Ru*A and Rv*A. Note that 
M*/B is a partial flag variety of the free CVmodule Of of type (1, . . . , 1, N' - N). By [HJ VII 
5.2], for every N', the Chern classes c^jv' (1 < * < AT) of the canonical bundle £at< of rank N on 
the Grassmanian M* /G define a decomposition 

Ru*A A ® q R 2q u*A(-q)[-2q]. 

Similarly, by loc. cit., the Chern classes s^n' (1 < * < AT) of the canonical line bundles Ci_N' of 
the partial flag variety M* / B define a decomposition 

Rv*A ^ ®R 2q v*A(-q)[-2q\. 

As £n> (resp. Z^jy) is induced from £ (resp. d), by the functoriality of Chern classes (|4.ip these 
decompositions are compatible with the homomorphisms c (|4.4.5p and s (I4.4.6[) . Moreover, by [441 
VII 5.6 (a)] applied to u and u, we have a commutative square 

A = A s [x 1 , ...,x N ,yx,.. . ,yN>-N]/CEi+j=m x iyj)™>l R 2 *u*A(*) 



B = A s [h, ...,t N ,yt,.. ■ ,VN'-N]/(E,i+j=m a iyj)m>l ~ > i? 2 *U*A(*) 

where the horizontal arrows send lEj to the image of c^n' and U to the image of s^nl In the defini- 
tion of the ideals, we put xq = yo = 1, Xi = for i > N and yi — for i > N' — N. We can rewrite A 
as A[xi, . . .,x N ]/(P m (xi, . . . ,x m )) m>N '-N and rewrite B as A[ti, . . . , t N ]/{Q m {t\, . . . , t m )) m >N'-N, 
where P m is an isobaric polynomial of weight m in x±, . . . ,x m , Xi being of weight i, and Q m is 
a homogeneous polynomial of degree m in tx, . . . , t m . As the right (resp. left) vertical arrows of 
(|4.4.7p induce isomorphisms on W for i < 2 (AT — N), it follows that the restriction of the square 
on the left of (|4.4.7|) to degrees < 2 (AT' — N) is commutative and the vertical arrows of the re- 
stricted square are isomorphisms. To get the square on the right of (|4.4.7p . it suffices to apply the 
preceding computation of Rw*A (via Rv*A) to the case N' — N, because, in this case, /' = w. 
The last assertion of (b) then follows from [HI VII 5.4.1]. 

The final assertion of 14. 41 follows from the functoriality of Chern classes. □ 

Corollary 4.5. With assumptions and notation as in \4--4\ 

(a) For every locally constant A-module T on S, the projection formula maps 

T (g) L Rir*ir*A -> Rir*ir* T, I ® L Rt^t* A -> Rt*t* T 

are isomorphisms. 

(b) The spectral sequence of 'r* = 7r*/*, 

(4.5.1) Eg = R}^R j UA =► R i+j r*A, 

degenerates at E2 ■ 

Proof, (a) We may assume that J 7 is a constant A-module of value F. Then the assertion follows 
from 14.41 applied to A and to the ring of dual numbers A © F (with m\rri2 = for mi, TO2 S F). 
(b) Bv ll.lUl applied to the square 

(G,T) *(G,G) 

(S, T) (S, G) 
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the square in (|4.4.ip is 2-cartesian. By 12.81 and smooth base change by fc, 



R j f*A ~ w*k*R j f*A ~ ir*R j flA. 
ByHjH(b), R j f'^A is locally constant. Thus (a) implies 

Ef = R^Rif^A ~ R^^WflA ~ J2*tt*A ® a i? J /^A. 

Bvl2~51 E^ 3 ' = ^*R j f*A ~ k*R j f*A ~ i#/*A. The edge homomorphism can be identified with 
the map R^t^A — » Ri f^A induced by adjunction by /i, which is an epimorphism by 14.41 (b). Thus 
= for all r > 2 and all j. Since i?/^ commutes with arbitrary base change [H] VII 6.5], the 
same holds for i?/*. Thus, to show that (|4.5.1|) degenerates at E2, we may assume that S is the 
spectrum of a separably closed field. In this case, E% — H l (BG, A) (gi^ (G/T, A) and it follows 
from the H*(BG, A)-module structure of (|4.5.ip that it degenerates at i?2- □ 

Let fc be a separably closed field, n be an integer invertible in fc, A be a noetherian commutative 
ring over TLjnL. The next sequence of results are analogues of Quillen's finiteness theorems [3TJ 
2.1, 2.2, 2.3]. 

Theorem 4.6. Let G be an algebraic group over k, X be an algebraic space of finite presentation 
over k equipped with an action of G, K be an object of D b ([X/G], A) (see \2.!fy . Then H*(BG, A) 
is a finitely generated A-algebra and H*([X/G], K) is a finite H*(BG, A) -module. In particular, 
if K is a ring in the sense of \3.1l then the graded center ZH*([X/G], K) of H*([X/G], K) is a 
finitely generated A-algebra. 

Initially the authors established 14. 61 for G either a linear algebraic group or an abelian variety. 
The finiteness of H * (BG, A) in the general case was proved by Deligne in [5] . 

Corollary 4.7. Let (G,X) be as in \4-6\ f- X — > [A"/G] be a morphism of Artin stacks repre- 
sentable and of finite presentation, K £ D b c (X,A). Consider H*(X,K) as an H* (BG, A) -module 
by restriction of scalars via H*(BG, A) -> H*(X,A). Then H*(X,K) is a finite H*(BG, A)- 
module. 

Proof. It suffices to apply |U to Rf*K £ D b c (X, A). □ 

Corollary 4.8. Let (f,u): (X,G) — > (Y, H) be an equivariant morphism, with (X,G) and (Y, H) 
as in \4-6] Assume that u is a monomorphism. Then the map [f /u\* : H*([Y/H], A) — > H*([X/G], A) 
is finite. 

Indeed, since [f /u] : [X/G] — > [Y/H] is representable (|1.8p . this is a special case of 14.71 

Proof of \4-6[ We may assume G reduced (hence smooth). Then G is an extension 1 — > G° — > G — > 
F — > 1, where F is the finite group tto(G) and G° is the neutral component of G. By Chevalley's 
theorem (cf. [HI 1.1.1] or [3 1.1]), G° is an extension 1— > L — > G° — > A — > 1, where A is an abelian 
variety and L = G a s is the largest connected affine normal subgroup of G . Then L is also normal 
in G, and if E = G/L, then E is an extension 1—>A—>E—>F—>1. We will sum up this 
devissage by saying that G is an iterated extension G = L ■ A ■ F. 

By [T^ VIII 7.3.4, 7.3.6], for every algebraic group H over fc, the extensions of H by F are 
classified by H 2 (F, H). Thus, the extension E of F by A defines a class in H 2 (F, A), which comes 
from a class a in H 2 (F, A[m]), where m is the order of F and A[m] denotes the kernel of to : A — > A. 
Indeed the second arrow in the exact sequence 

H 2 {F, A[m]) -> H 2 (F, A) ^ H 2 {F, A) 

is equal to zero. This allows us to define an inductive system of subgroups £7, = y4[mn J ] ■ F 
of E, given by the image of a in H 2 (F, A[mn 1 ]). This induces an inductive system of subgroups 
Gi = L ■ Almn 1 ] ■ F of G, fitting into short exact sequences 

1 ^ L Gi Ei 1 

□ 

1 ^ L ^ G ^E >■!. 
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Form the diagram with cartesian squares 



[X/d] BGi G/G % 

h 

[X/G] »- BG * Spec fc. 

Note that G/Gi = A/A[mn l ] and the vertical arrows in the above diagram are proper representable. 
By the classical projection formula [131 XVII 5.2.2.1], Rf isr f*K ~ K 0^ Rfi*A. Moreover, f^A ~ 
A. Thus we have a distinguished triangle 

(4.8.1) K -> -> X ®i r- 1 -R/j*A . 

The first term forms a constant system and the third term iVj = if <8>^ r- 1 i?/^A forms an AR-null 
system of level 2<i in the sense that Ni+2d JV» is zero for all i, where <i = dim A. Indeed the 
stalks of R q fi*A are B q (A/ A\mn l \, A), which is zero for q > 2d. For q = 0, the transition maps 
of (i7 (AA4[mn l ], A)) are idA and for q > 0, the transition maps of (ff 9 (AA4[mn z ], A)) are zero. 
Thus, in the induced long exact sequence of (|4.8.1[) 

H^dX/G],^) ^ H*([X/G],K) ^ H*([X/Gi]J*K) ^ H*([X/G],Ni), 

the system (H*([X/G],Ni)) is AR-null of level 2d. Therefore, on is injective for i > 2d and 
Imaj = lm(H*([X/G] l+2d ,f* +2d K) -> H*([X/Gi], f?K)) for all i. Taking i = 2d, we get 
i/*([A/G],if) = lm(H*([X/G id ]J* d K) -> ff*([X/G 2d ], In particular, H*(BG,A) is 
a quotient A-algebra of H*(BG±d,A), and iJ*([A/G], AT) is a quotient H*(BG, A)-module of 
if*([A/G , 4 ( i], f^jK). Therefore, it suffices to show the theorem with G replaced by G^d- In partic- 
ular, we may assume that G is a linear algebraic group. 

Let G — > GL r be an embedding into a general linear group. By 11.131 the morphism of Artin 
stacks over BGL r , 

[X/G] [(X A G GL r )/GL r ], 

is an equivalence. Replacing G by GL r and A by A A G GL r , we may assume that G = GL r . 
Let /: [X/G] BG. Then Rf*K G D b c (BG,A). Thus we may assume X = Specfc. The full 
subcategory of objects K satisfying the theorem is a triangulated category. Thus we may further 
assume K £ Mod c (BG, A). In this case, since G is connected, AT is necessarily constant (12.71) so 
that K ~ 7r*M for some finite A-module M, where 7r: i?G — » Specfc. In this case, by 14.41 (a), 
H*(BG, A) ~ A[ci, . . . , cv] is a noetherian ring and H*(BG, K) ~ M ®a A[ finite 
H*(BG, A)-module. □ 

Remark 4.9. We have shown in the proof of !4.6l that H* ([X/G], K) is a quotient if*(BG)-module 
of H*([X/H], f*K) for a certain affine subgroup H — G^d of G, / denoting the canonical morphism 
[X/H]^[X/G]. ' 

In the following examples, we write H*(—) for H*(— , A), with A as in 14.61 

Example 4.10. Let G/fc be an extension of an abelian variety A of dimension g by a torus T of 
dimension r. Then 

(a) H 1 (A), iJ 1 (T), H 1 (G) are free over A of ranks 2g, r and 2g + r respectively, and the sequence 
— > H 1 (A) — > H 1 (G) — > i? 1 (T) — > is exact. We have a canonical isomorphism of A-algebras 

(4.10.1) H*(G) AH 1 (G). 

(b) The homomorphism 

df: H\G) -+ H 2 (BG) 

in the spectral sequence 

E p 2 q = H P (BG) (g> H q (G) => H p+q (Speck) 
of the fibration Spec fc — > BG is an isomorphism. 



28 



(c) We have H 2l+1 {BG) = for all i, and the inclusion H 2 (BG) ^ H*(BG) extends to an 
isomorphism of A-algebras 

S*(H 2 (BG)[~2}) ^ H*(BG). 

Let us briefly sketch a proof. 

Assertion (a) is standard. We may assume A = Z/nZ. As the multiplication by n on A 
and T is surjective, the sequence — > T[n] — > G[n] — > A[n] — > is exact, hence also the sequence 
H 1 (A) -> iJ^G) -> F^T) -> by applying Hom((-)[n], Z/nZ) -»■ i?^-). The isomorphism 
(|4.10.ip follows (after reducing to n. = t prime) from the structure of Hopf algebra of H*(G), as 
H 2 9 +r (G) ^ H r (T) ® H 2 9(A) is of rank 1 (cf. [Ml Prop. 16, p. 191]). 

Assertion (b) is immediate. 

To prove (c) we calculate H*(BG) using the nerve B,G of G (cf. 6.1.5]): 

H*(BG) = H*(B.G), 
which gives the Eilenberg-Moore spectral sequence: 
(4.10.2) E\ j = H j (BiG) =4> H i+j (BG). 

One finds that 

El' j =LA j (H 1 (G)[-l}). 

By [201 I 4.3.2.1 (i)] we get 

= LS j (H 1 (G))[—j]. 

Thus 

^ = fs^^HG)) ifi=j, 

The E2 term is concentrated on the diagonal, hence (|4.1U.2|) degenerates at E2, and we get an 
isomorphism 

grH* (BG) = S*(iJ 1 (G)[-2]), 

from which (c) follows. 

Example 4.11. Let G be a connected reductive group over k. Let T be the maximal torus in G, 
and W = Nq(T)/T the Weyl group. Assume that none of the prime numbers I dividing n are of 
torsion for G (which is the case if none of them divides the order of W), i.e. Hi(G,Ze) is torsion-free 
for all i, cf. [371 1.3.1]. Then, as in [TU1 Sommes trig., 8.2], the following results can be deduced 
from the classical results on compact Lie groups (due to Borel) by lifting G to characteristic zero. 

(a) H*(G) is the exterior algebra over a free A-module having a basis of elements of odd degree 
ED 7.3]. 

(b) H* (BG) is isomorphic to a polynomial algebra over a free A-module having a basis of elements 
of even degree ([3J 19.1], [1 4.5]). 

(c) The spectral sequence 

(4.11.1) E% = H l (BG) ® H j (G/T) H l+3 (BT) 

degenerates at £2, E l 2 3 being zero if i or j is In particular, the homomorphism 

H*(BT) -> H*(G/T) 

induced by the inclusion G/T BT (|1.14l (b)) is surjective. In other words, in view of 14.41 
H*(G/T) is generated by the Chern classes of the invertible sheaves L x obtained by pushing 
the T-torsor G over G/T by the characters \ : T — > A*. 

7 The vanishing of H^(G/T) for j odd follows for example from the Bruhat decomposition of G/B for a Borel B 
containing T. 
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(d) 



The Weyl group W acts on (|4.11.1|) . trivially on H*(BG), and H*{G/T) is the regular 
representation of W [31 27.1] . In particular, the homomorphism H* (BG) — > H* (BT) induced 
by the projection BT —> BG induces an isomorphism 



(4.11.2) 



H*(BG) A H*(BT) 



w 



(e) In the spectral sequence of the fibration Spec k — > BG, 




H\BG) ® iP(G) => H i+j (Spec k), 



primitive and transgressive elements coincide, and the transgression gives an isomorphism 
from the primitive part of H*(G) to the indecomposable quotient of H*(BG) [31 19.1]. 

5 Finiteness of orbit types 

Let A; be a field of characteristic p > 0, G be an algebraic group over k, A be a finite group. 
The presheaf of sets / Hom gTOUp (A, G) on AlgSp(fc) is represented by a closed subscheme X of the 
product IlaeA ^ °f c °pi es of G indexed by A. The group G acts on X by conjugation. Let 
x G X(k) be a rational point of X and c: G — > X be the G-equivariant morphism sending g to xg. 
Let H — c^ 1 (x) C G be the inertia subgroup at x. The morphism c decomposes into 



where / is an immersion |111 III § 3, 5.2]. The orbit of x under G is the (scheme-theoretic) image 
of /, which is a subscheme of X. The orbits of X are disjoint with each other. 

The following result is probably well known. It was communicated to us by Serre. 

Theorem 5.1 (Serre). Assume that the order of A is indivisible by p. Then the orbits of X under 
the action of G are open subschemes. Moreover, if G is smooth, then X is smooth. 

The condition on the order of A is essential. For example, if p > 0, A = Z/pZ, and G — G is 
the additive group, then G acts trivially on X ~ G. 

Corollary 5.2. 

(a) The orbits are closed and the number of orbits is finite. Moreover, if k is algebraically closed, 
then the orbits form a disjoint open covering of X . 

(b) Let k' be an extension of k, Y an orbit of X under G. Then Yp.i is an orbit of X^ under 



Proof. Assertion (b) is trivial. For (a), up to base change to an algebraic closure of k, we may 
assume that k is algebraically closed. In this case, by 15.11 the orbits form a disjoint open covering 
of the quasi-compact topological space X. Therefore, the orbits are also closed and the number of 



Corollary 5.3. Let G be an algebraic group over k, £ be a prime number distinct from p. There 
are only finitely many conjugacy classes of elementary abelian £- subgroups of G. Moreover, if 
k is algebraically closed and k' is an algebraically closed extension of k, then the natural map 
Sk — > Sk 1 from the set Sk of conjugacy classes of elementary abelian i-subgroups of G to the set 
Sk> of conjugacy classes of elementary abelian £-subgroups of Gk' is a bijection. 

Proof. By 15.21 it suffices to show that the ranks of the elementary abelian ^-subgroups of G are 
bounded. For this, we may assume k algebraically closed, and G smooth. As in the proof of [4.61 let 
L be the maximal connected affine normal subgroup of the neutral component G° of G. Let d be 
the dimension of the abelian variety G°/L, and m be the maximal integer such that ^ m |[G : G ]. 
Choose an embedding of L into some GL„. Then every elementary abelian subgroup of G has rank 
< n + 2d + m. □ 



G H\G A X, 



Gk' ■ 



orbits is finite. 



□ 
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To prove the theorem, we need a lemma on tangent spaces. Let S be an algebraic space, X be 
an S-functor, that is, a presheaf of sets on AlgSp(S). Recall [H] II 3.1] that the tangent bundle to 
X is defined to be the S'-functor 

T x/S = Homs(Spec(O s [e}/(e 2 )),X), 

which is endowed with a projection to X. For every point u G X{S), the tangent space to X at u 
is the S'-functor 03 II 3.2] 

T x/s = Tx/s x x.u S. 
Recall II 3.11] that, S-functors Y and Z, we have isomorphisms 

~ Hom s (Spec(0 Y {e}/(e 2 )),Z) ~ Hom s (Y,T z/s ). 

For a morphism / : Y —t Z of S-functors, these induce an isomorphism 

(5.3.1) T L ms (Y,z)/s ~ Mom z /s((Y,f),T Z / S ). 

Assume that Z is an S-group, that is, a presheaf of groups on AlgSp(S). Then we have an 
isomorphism of schemes T z /s — Z xg Lie(Z/S), where Lie(Z/S) = T z , s . Thus (|5.3.ip induces an 
isomorphism 

s(Y,z)/S ~^ Kom s (Y,Ue(Z/S)). 

Furthermore, if Y is an S-group and / is a homomorphism of S-groups, then the image of 
T «om Sgroup (y,z)/s b y is Z s (Y,Lie(Z/S)) [42, II 4.2], where Y acts on Lie(Z/S) by the 

formula y i— > Ad(/(j/)). 

Lemma 5.4. Let f : Y — > Z be a homomorphism of S-groups as above. Letc: Z — > HoTOs_ groU p {Y, Z) 
be the morphism given by 

(zf(y)z- 1 )). 

Then the composition 

Ue(Z/S) ^ 4 omsgroup(yz)/s -> Uom s (Y,Uc(Z/S)) 

is given by t M- {y i— > t — Ad(/(y))T) ; and the image is B\(Y, Lie(Z/S)). 
Proof. The exact sequence 

1 Lie(Z/S) T z/S -4 Z -> 1 

has a canonical splitting, which allows one to identify T^/s with the semidirect product Lie(Z/S) xi 
Z . An element (t, z) of the semidirect product (evaluated at an S-scheme S') corresponds to 
the image of dR z (t) e TJy S (S'), where di? z : Z x$ S' — » Z Xj S' is the right translation by z. 
Multiplication in the semidirect product is given by 



(t,z)(t',z') = (t + Ad{z)t',zz'). 

l c/S 111 ± Hom s (Y,Z)/S 



The image of t under T\g in 2^ om (y z)/s — ^ ^ om z/ si^i ^z/s) is -^c/5(^ 1)> given by 



2/ ^ (t, 1)(0, /(y))(t, l)- 1 = (t - Ad(/fo))t, /(y)). 

Hence the image in Homs(Y, Lie(Z/S)) is y i — ^ t — Ad( f(y))t. □ 

Proof of \5.1[ We may assume k algebraically closed and G smooth. As in the beginning of Sec- 
tion let u: A — > G be a rational point of X, H be the inertia at u, Y = H\G, c: G — > X be 
the G-equivariant morphism sending g to ug, which factorizes through an immersion j: Y — > X. 
Since H^A, Lic(G)) = for any action of A on Lic(G), it follows from EU that : Lie(G) -» T% 
is an epimorphism. Thus the map T- : T Y —> Tj£ is an isomorphism. Since Y is smooth |421 
VIb 9.2], j is etale [T7] 17.11.2] and hence an open immersion at this point. In other words, the 
orbit of u contains an open neighborhood of u. Since the rational points of X form a dense subset 
[T71 10.4.8], the orbits of rational points form an open covering of X, which implies that X is 
smooth. □ 
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6 Structure theorems for equivariant cohomology rings 



Throughout this section n is a field and k is an algebraically closed field. From 16.81 onward, we 
assume that I is a prime number invertible in k. 

Definition 6.1. For a functor F: C — > T> and an object d of V, let (d I F) = C Xp T) d / (strict 
fiber product) be the of category whose objects are pairs (c, 4>) of an object c of C and a morphism 
<f): d — > F(c) is a morphism in T>, and arrows are defined in the natural way. Recall that F is said 
to be cofinal if, for every object d of X>, the category (d 4- F) is nonempty and connected. 

Lemma 6.2. Let F: C — > T> be a full and essentially surjective functor. Then F is cofinal. 

Proof. Let d be an object of V. As F is essentially surjective, there exist an object c of C and an 
isomorphism /: d — > F(c) in T>, which give an object of (d 4- F). As F is full, for any morphism 
g: d — ► F(c'), with c' an object of C, there exists a morphism ft,: c — > d in C such that F(h) = gf^ 1 , 
which gives a morphism f —> g in (d F). □ 

Definition 6.3. Let I? be a category enriched in the category AlgSp/ K of algebraic K-spaces of 
finite type. For objects X and Y of T>, Homp(J, Y) is an algebraic K-space of finite type over k 
and composition of morphisms in T> is given by morphisms of algebraic K-spaces. We denote by 
T>(k) the category having the same objects as V, but where 

Kom v(K) (X,Y) = (Rom v (X,Y)){ K ). 
If k is separably closed, we denote by T)(iro) the category having the same objects as V, but where 

Rom VM (X,Y) = n (Rom v (X,Y)). 
Note that Hom T> ^ 7ro - ) (X,Y) is a finite set. We have a functor 

r,: V{k)^V{tt ), 

which is the identity on objects, and sends / € Hom-p(X, Y)(n) to the connected component 
containing it. If k is algebraically closed, or if for all X, Y in T>, Hom-p(X, Y) is smooth over k, 
then r] is full, hence cofinal bv 16.21 

Construction 6.4. Let G be an algebraic group over k, X be an algebraic space of finite pre- 
sentation over k, endowed with an action of G, and I be a prime number. We define a category 
enriched in the category Schy fc of schemes of finite type over k, 

■A.G,X,t, 

as follows. Objects of Ag,x,1 are pairs [A, C) where A is an elementary abelian ^-subgroup of 
G and C is a connected component of the algebraic space of fixed points X A (which is a closed 
algebraic subspace of X if X is separated). For objects (A, C) and (A , C') of Ag,x> we denote by 
Transc((A C)i (A', C')) the transporter of (A, C) into (A , C"), namely the closed subscheme of G 
representing the functor 

S^{ge G(S) | g- l Asg c A' s , C s g D C' s }. 

In fact, TransG((A, C), (A 1 , C')) is a closed and open subscheme of the scheme Transc(^4, A) 
defined by the cartesian square 

Transc(A A) ^Y[ aeA A 

G -Uae A G 

where the lower horizontal arrow is given by g ^ (g^ 1 ag) a eA- In particular, we have an injection 

Trans G (A,A) -> Trans G ((A, C), (A', C 1 )). 
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We define 

Hom AG x e ((A, C), (A', C)) := Trans G ((A, C), (A', C')). 
Composition of morphisms is given by the composition of transporters 

Trans G ((A', C), {A", C")) x Trans G ((A, C), (A', C')) -> Trans G ((A, C), (A", C")), 

which is a morphism of fc-schemes. When no confusion arises, we omit I from the notation. We 
will denote -4 G ,s P ec(fc) b y Ag- 

For an object (A, C) of Ag,x, we denote by Cent G (j4, C) its centralizer, namely the closed 
subscheme of G representing the functor 

S^jje G(S) | C s g = C s and g^ag = a for all a € A}. 

For objects (A, C), (A',C") of Ag,x, we have natural injections (cf. 32, (8.2)]) 

(6.4.1) Cent G (A, C)\Trans G ((A, C), (A\ C)) -> Cent G (A)\Trans G (A, A') ->■ Hom(A, A'). 

We let ,A G x denote the category having the same objects as Ag,x, but with morphisms defined 
by the left hand of (|6.4.ip . We call the finite group 

(6.4.2) W G (A, C) := Cent G (A, C)\Trans G ((A, C), (A, C)) C W G (A) 
the Weil group of (A, C). This is a subgroup of the finite group 

W G {A) = Cent G (A, A)\Trans G (A, A) C Hom(A, A). 

The functors 

A G ,x(k) -» A g ,x(tto) -> A G , X 

(the second one defined via (|6.4.1J) ) are cofinal by 16.21 

Let kl be an algebraically closed extension of k. We have a functor Ac,x(k) — > AG h ,,x k ,{k') 
carrying (A, C) to (A, Cfe/). Since the map 

^o(Trans G ((A C), {A', C')) -> ^o(Trans Gfc , ((A, ), (A', C£,))) 

is a bijection, this induces a functor Ag,x(^o) -A.G k ,,x k , (tto)- 

Lemma 6.5. TVie category Ag,x{kq) is essentially finite, andthe functor A. G ,x (tto) - *■ -^G fe / ,x fc/ (tto) 
is an equivalence. In particular, Ag(^o) is essentially finite. 

Proof. Let 5 be a set of representatives of isomorphisms classes of objects of Ag(^o)- In other 
words, S is a set of representatives of conjugacy classes of elementary abelian ^-subgroups of G. 
Bv l5.3l this is a finite set. Let T be the set of objects (A, C) of Ag,x(^o) such that A € S. Then 
T is a finite set. The conclusion follows frow the following facts: 

(a) For (A,C) and (A',C) in A G ,x, Uom AGx{no) ((A, C), (A', C')) is finite (BJ3), and, by 1531 

Hom^ x (7ro) ((A, C), (A, C')) ^> Hom^ i; ^ (lro) ((A, C*), C' k ,)). 

(b) The finite set T is a set of representatives of isomorphism classes of objects of Ag,x(^o), 
and {(A,Ck>) | (A, C) 6 T} is a set of representatives of isomorphism classes of objects of 
M h ,,x h , (tt ). 

Indeed, (b) follows from the following obvious lemma. □ 

Lemma 6.6. Let F: B — > C be a functor. Assume that for every object B of B and every object 
C of C isomorphic to F(B), there exists an object B' of B isomorphic to B such that F(B') = C . 
Let S be a set of representatives of C. For every C £ S, let Tc be a set of representatives of the 
isomorphism classes of objects of the fiber category F G . Then U G gsT G is a set of representatives 
of the isomorphism classes of objects ofB. 
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Notation 6.7. We will sometimes omit the constant coefficient from the notation. We will 
sometimes write Hq for H*(BG) = H*(BG,W e ). 

Construction 6.8. Let T — Trans(A; A'), BA T = (BA) T = B(A T ). If we denote by tt : BA T -)■ T 
and tt' : BA' T — > T the projections, then, by base change by T — > Spec k (|2.12p . Rtt^¥^ is the pull- 
back of RT(BA,¥i) and i?<F £ is the pull-back of RT(BA',¥ e ). Let 

r 6 T(T) C G{T) 

be the tautological section, c T : At — > A' T be the conjugation by r which sends a to r ar. Then, 
in the notations of 16.71 Bc T : BAt — > BA' T induces a homomorphism 9 : H A , — > H A of constant 
sheaves on T. For g G tto(T), 8 defines a homomorphism 6 g : H\, — > H\. This defines a presheaf 
(H* A ,9 g ) on 7r (»4 G ), hence on 7T (.4g,x)- 
If (A, C) is an object of Ag,x, we have 

H*([C/A\) = H* A ®H*{C) 



The restriction H*([X/G}) £P([C/A]) induced by the inclusion (C,A) -> composed 

T* 
l A 



with the projection H*([C/A]) -> H* A induced by H*(C) — !> H°(C) = ¥ e , defines a homomorphism 



(6.8.1) (A, C)* : H*([X/G]) H* A . 



Let [/ := Trans(A, C; A', C") C T, and still denote by r e U{U) C T({7) C G(U) the tautological 
section. We have the following 2-commutative square of groupoids in the category AlgSp(t/) 



{Cu,Au), »- (Xu, Gu)» 

(with trivial action of Ajj and A'jj on C[j and trivial action of Ajj on Qy), where the 2-morphism 
is given by the morphism C'jj — > Xjj x G[/ sending x to (xr, r) . The corresponding 2-commutative 
square of Artin stacks 

BA x C[j BA' x C'jj 



BA x C v ^ [X/G] x U 

induces by adjunction (|2.4[) the following commutative square of constant sheaves on U: 

H*([X/G}) ^H*([C/A}) 



H*([C'/A'}) ^ H*{\C'/A\). 



Composing with the projections (|6.8.1[) . we obtain the following commutative diagram of constant 
sheaves on U: 

H*([X/G] 

(A,cy 



(A',c'y 



H* 



'A' g A 

Therefore the maps (A, C)* (|6.8.ip define a homomorphism 



(6.8.2) 



a{G,X): H*{[X/G] 



lim (H\,6 g ). 

Ag,x (wo) 
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Note that the projective system (H A ,8 g ) factors through A b G x and the right-hand side is the 
equalizer of 

(A,C)eAa,x g: (A,C)^(A> ,C) 

where g runs through morphisms in AG,x{k), j\{h(A,c)) = (h(A,C))g, 32{h{A ,c)) = (Ogh(A',c))g- 
Moreover, by the finiteness results I4TS1 and RT51 the right-hand side of 16.8.21 is a finite H*(BG)- 
module, and, in particular, a finitely generated F^-algebra. 

To state our main result for the map a(G, X) (|6.8.2|) . we need to recall the following definitions. 

Definition 6.9. Let GrVec be the category of graded F^-vector spaces. It is an F^-linear ®- 
category. The commutativity constraint of GrVec follows Koszul's rule of signs, such that a (pseudo- 
)ring in GrVec is an anti-commutative graded F£-(pseudo-) algebra. 

Let C be a category. As a special case of 13.71 (b) , the functor category GrVec c is a F^ -linear 
(g)-category. The functor hm c : GrVec c — > GrVec is the right adjoint to the unital ®-functor 

GrVec — > GrVec , thus has a right unital <S>-structure. If u: R — >• S is a homomorphism of pseudo- 
rings in GrVec c , we say that u is a uniform F -injection (resp. uniform F-surjection) if there exists 
an integer n > such that for any object i of C and any homogeneous element (or, equivalently, 
any element) a in the kernel of itj (resp. in Si), a 1 = (resp. a e is in the image of Ui). Note 
that a e =0 for some n > is equivalent to a m = for some m > 1. We say u is a uniform 
F -isomorphism if it is both a uniform -F-injection and a uniform F-surjection. These definitions 
apply in particular to GrVec by taking C to be a discrete category of one object, in which case the 
notion of a uniform F-isomorphism coincides with the definition in [311 Section 3]. 

The following result is an analogue of Quillen's theorem (pH] 6.2], [321 8.5]): 

Theorem 6.10. Let X be a separated algebraic space of finite type over k, G be an algebraic group 
over k acting on X. Then the homomorphism a(G,X) (|6.8.2p is a uniform F -isomorphism h6.9]) . 

Remark 6.11. Let r > be an integer, A be an elementary abelian i'-group of rank r. We identify 
H 1 (BA,¥e) with A = Hom(A,¥A. Recall [3T] Section 4] that we have a natural identification of 
F^-graded algebras 

_ |S(I) if £ = 2 

\A(A) <g> S(/3A) if£>2, 

where S (resp. A) denotes a symmetric (resp. exterior) algebra over Ff, and (3: A — >• H 2 (BA,¥^) 
is the Bockstein operator. In particular, if {x±, . . . , x r } is a basis of A over F^, then 

H*(BA,Wz) = { ¥ fi>-> X r} ii£ = 2 

[A(x 1 ,...,x r )<E)¥ e [y 1 ,...,y r } if£>2 

where = f3xi. We will sometimes write H A for H* (BA,¥g). 

Corollary 6.12. With X and G as in [KM let K G D b c ([X/G],¥ e ) . The Poincare series 
PS t (H*([X/G],K)) =^dim F , H l {[X/G],K)t l 

i>0 

is a rational function oft of the form ^" > (£)/IIi<j< n (l — t 2l )> with P(t) G Z[t], The order of the 
pole of PSt(H*([X/G})) at t = 1 is the maximum rank of an elementary abelian l-subgroup A of 
G such that X A ^ 0. 

Proof. By |4.6l H* ([X/G], K) is a finitely generated module over Hq(X), which is a finitely gener- 
ated algebra over F^ . Therefore the Poincare series PSt(H*([X/G], K)) is a rational function of t, 
and the order of the pole at t — 1 of PSt(iJg(A)) is equal to the dimension of the commutative ring 
H 2 *{[X/G\). To show that PS t (H*([X/G], K)) is of the form given in l6~T2l recall g^J) that we have 
shown in the proof of H^l that H*([X/G],K) is a quotient H*{BG)-modu\e oiH*([X/H], f*K) for 
a certain affine subgroup H of G, / denoting the canonical morphism [X/H] — > [X/G]. We may 



H*(BA,¥ t ) 
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therefore assume that G is affine. Embedding it into some GL„, and using the induction formula 
as at the end of the proof of 14.61 we are reduced to the case where G — GL„. In this case the 
result follows from the structure of H* (BGL n ) (|4.4|) . The last assertion is derived from I6.1U1 as 
in [311 7.7]. One can also see it in a more geometric way, observing that the reduced spectrum of 
Hq(X) (where e = 1 if £ = 2 and 2 otherwise) is homeomorphic to an amalgamation of standard 
affine spaces A — Spec(i/") ro( j associated with the objects (A, C) of Ag,x (see Section ITT]) . □ 

Example 6.13. Let G be a connected reductive group over k with no ^-torsion, T be a maximal 
torus of G. Let 1: A! c — > A G be the full subcategory spanned by T[i\. The functor 1 is cofinal. 
Indeed, for every object A of A G , since A is toral, there exists a morphism c g : A — > T[£] in 
A G . Moreover, for morphisms c g : A — > T[£], c g > : A — > T[£] in A G , there exists an isomorphism 
Ch ■ T[£] — > T[£] such that ChC g — c g > in A G , by [37J 1-1-1] applied to the conjugation c g > g -i : c g (A) — > 
Cg>(A). Let W = W G {T) ~ W G (T[^]). The map a{G,X) can be identified with the injective F- 
isomorphism 

induced by restriction (where the isomorphism is (|4.11.2[) b In particular, 

lim (HX)red - S(T[£] V ) W , 

where e = 1 if £ = 2 and e = 2 if £ > 2. Moreover, for £ > 2, a(G,X) induces an isomorphism 

ff2* ft tt2* \ \W 

H G ~ ((yi TM j rod j . 

Example 6.14. Let X = X(E) be a toric variety over fc with torus T, where E is a fan in iV (g> R 
and iV = X*(T). We identify T[i] with N (g>¥ e . The inertia 7 CT of the orbit O a corresponding 
to a cone a <E E is N c (g) G m , where A^- is the sublattice of N generated by N D a, so that 
A a = I a [£] — N a The latter can be identified with the image of NP\<j in N(^¥g. This defines 

an object (A a ,C a ) of At,x, where C CT is the connected component of X A " containing O a . Thus 
we have a canonical isomorphism 

lim (H s A *) red ~ Hm(ffl* ) red - 

Note that (iJj^) rcd can be canonically identified with S(M CT ) ® Ff, where M„ = M/(M D c 1 ") and 
S(Mcr) is the algebra of integral polynomial functions on a. In particular, we have a canonical 
equivalence 

(6.14.1) hm (i^*) red ~PP*(E)®F^ 

A ^ A G.X 

where 

PP*(E) = {/: Supp(E) -+R I / I a G S(M a ) for each a G E} 

is the algebra of piecewise polynomial functions on E. We can also interpret PP*(E) more directly 
as follows. For every subring Jicl such that i^ 1 ^ R and R ^ Z, 

PP*(E) ® ¥ e = {/: Sup Pi? (E) -> | / | <7.r G S(M a ) for each cr G E}, 

where an = a n (JV ® i?) and Supp fl (E) = U CTeS cr/?. Recall that Payne established an isomor- 
phism from the integral equivariant Chow cohomology ring Aj,{X) of Edidin and Graham [T21 
2.6] onto PP*(E) [3U1 Theorem 1]. Combining Theorem 16.101 and (]6.14.1[) . we obtain a uniform 
i^-isomorphism 

H*([X/G],¥t) ->>PP*(E) ®¥t. 
If X is smooth, this is an isomorphism, and PP*(E) is isomorphic to the Stanley- Reisner ring of E. 
In the rest of this section, we state an analogue of l6.10l with coefficients. 
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Construction 6.15. Let G be an algebraic group over k, X an algebraic fc-space endowed with 
an action of G, and K G £>+ rt {[X/G],¥ e ). 

If A, A' are elementary abelian ^-subgroups of G and g € G(fc) conjugates A into A' (i.e. 
g~ x Ag C A'), A acts trivially on X A via c g = A — ► A' (where c g is the conjugation s M> g~ 1 sg), 
and we have an equivariant morphism (X A , A) — > (X, G), inducing 



[l/c g ] : [X A /A] =BAxX A -> [X/G]. 
We thus have, for all q, a restriction map 

W([X/G],K) ^([X^'/A], [l/c 9 ]*K). 
On the other hand, we have a natural projection 



tt: [X a '/^] = BAxX 



A' 



X 



A' 



hence an edge homomorphism for the corresponding Leray spectral sequence 

H q ( [X A> /A] , [l/cg] *K) -> (X A ' , [l/c 9 ] . 
By composition we get a homomorphism 

(6.15.1) a q (A,A',g): H q ([X/G], K) -> H°{X A \ R q ^[l/c g ]*K). 

Since R*n*W t = ® q R*n*W t is a constant sheaf of value H*(BA,¥ e ), R*n*[l/c g ]*K = ® q R^[l/c g ]*K 
is endowed with a H* (BA,¥g)-modu\e structure by constructions [57^1 and [5771 which induces a 
H*(BG,W t )-mo<Me structure via the ring homomorphism [l/c g ]*: H*(BG,¥ t ) -> H*(BA,¥ e ). 
The map a(A,A',g) = ® q a q (A,A\g) is H*(BG,W t )-lm.eax. 

If (Z, Z', ft,) is a second triple consisting of elementary abelian ^-subgroups Z, Z', and ft. £ G(fc) 
such that : Z — >• Z', the datum of elements a and b of G(fc) such that g = ahb and c a : A — >• Z ', 
q, : Z' — s> A' , defines a commutative diagram 



(6.15.2) 



A ■ 



■A 1 



hence a morphism [6 1 /c a ] : [X /A 
(6.15.3) 



[X/G] 



Z—^Z\ 

[X z /Z], fitting into a 2-commutative diagram 



[X A '/A] 



X 




[b-yca\ 



[X*'/Z] 



A' 
ft - 



where the 2-morphism of the triangle is induced by b 1 . Base change map for the square in (|6. 15.3(1 
defines a homomorphism 



(6.15.4) (o,6)*: H°(X Z ' , R q n *[1 / c h ]* K) -> H°(X A \ Rin4l/c g }* K), 
which by the 2-commutativity of (I6.15.3p fits into a commutative triangle 

(6.15.5) H q {[X/G],K) 



H°{X z ',R q ir4l/c h ]*K) 



H°(X A ',RiTr4l/c g }*K), 
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where the vertical and oblique maps are given by (16.15.ip . Denote by 

(6.15.6) A G {kf 

the following category. Objects of Ac{k)^ are triples (A,A',g) as above, morphisms (A, A!,g) — > 
(Z,Z',h) are pairs (a, b) £ G(k) x G(k) such that g = ahb and c a : A — >• Z, Cb : Z' — > A'. Via 
the maps (a, b)* ()6. 15.4(1 . the groups iJ°(X j4 , i?%*[l/c g ]*if) form a projective system indexed by 
Ac{k)\ and by the commutativity of (|6.15.5p we get a homomorphism 

(6.15.7) a%(X,K): H%[X/G], K) -> R%{X, K), 
where 

(6.15.8) R%{X,K):= Jim ii (X A \ii%*[l/c a ]*if). 

(A,A', 9 )e^i G (fc)i 

Since © 9 (<z, 6)* is H*(BG,¥ e ) -linear, R* G {X,K) := ® q R.Q(X,K) is endowed with a structure of 
H*(BG, F £ )-module. The map 

(6.15.9) a G (X, K) = ® a* (X, if) : tf*([X/G], JQ X) 

9 

induced by (|6.15.7p is a homomorphism of H*(BG, F^)-modules. If if is a (pseudo-)ring in 
D'* art ([X/G\,Wt), Rq(X 7 K) is a F^-(pseudo-)algebra and ao(X, if) is a homomorphism of F^- 
(pseudo- ) algebras . 

Theorem 6.16. Let G be an algebraic group over k, X a separated algebraic space of finite type 
over k endowed with an action of G, and K G D+(jX/G], Wg). 

(a) Rq(X, K) is a finite- dimensional ¥g-vector space for all q; if K £ D b c (\X / G\,~F i) , R* G (X, K) 
is a finite module over H*(BG,¥i). 

(b) If K is a pseudo-ring in Dj{[X/G],¥{) VJ.tfy , the kernel of the homomorphism ac{X,K) 
(|6.15.9[) is a nilpotent ideal of H*([X/G], K). If, moreover, if is commutative, then ac{X, K) 
is a uniform F -isomorphism H6.9\) . 

Remark 6.17. The projective limit in (|6.15.7[) is the equalizer of the double arrow 

(Ji,j 2 ): J] r(X A ,i?%^[l/ Cl ]*if)^ I] T(X A ',R"TT {AA ^ gh [l/c g }*K), 

AeA G (A,A',g)£A G (k)1 

where n A = n iA ,A,l), [1/ci] : [X A /A] -> [X/G], ji is induced by (l,g): (A,A',g) -> (A, A, I) and 
ji is induced by (g, 1) : (A, A', g) -> (A', A', 1). 

This is a consequence of the following general fact (applied to C — Aa(k))- Let C be a category. 
Define a category & as follows. The objects of & are the morphisms A — > A' of C. A morphism in 
& from A — > A' to Z — > Z' is a pair of morphisms (A -t Z, Z' A') in C such that the following 
diagram commutes: 

A »A' 



Z ^Z' 

Let J 7 be a presheaf of sets on & . Then the sequence 

AeC (a: A^A')ec" 

is exact. Here the two projections are induced by (1a,cl)' a — > 1^ and (a, lyi') : a — * 1a'» respec- 
tively. 
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Indeed, because the two compositions are equal, we have a map s: T(C\J-) — > K, where K 
is the equalizer double arrow. It is straightforward to check that the map K — > Ila6Ar(C*) -F( a ) 

factors through T(C^,J-) to give the inverse of s. 

Note that this statement generalizes the calculation of ends J AeC F(A, A) [551 IX. 5] of a functor 
F from C op x C to the category of sets. More generally, for any category V and any functor 
F: C op x C -4 V, J AeC F(A, A) can be identified with the limit Hm A _^ AI F(A, A') indexed by 

Remark 6.18. For K = Fe, the commutative diagram 

H*([X/G],F e ) ^U(A,C)eAa.x H A i Tig. (A,C)^(A',C') H *A 



II T{X A ,R** A *W t )=£ J] r(X A \Riir {A , A ,, g> F e ) 

AeA G (A,A',g)eA G (k)1 

induces a commutative diagram 

H*([X/GlF e ) a ^l^m H* A 

-v. G,X 

R* G (X,F e ). 

Therefore 16.161 generalizes 16.101 

Part (b) of 16.161 will be proved as a corollary of a more general structure theorem (|8.3p . Part 
(a) will follow from the next lemma. 

Lemma 6.19. Let Eg be the category enriched in Sch^. having the same objects as Ac{k)^ and 
in which Homg G ((A, A' ,g), (Z, Z' , h)) is the subscheme of G x G representing the presheaf of sets 
on AlgSp(fc): 

S^{{a,b) e (G x G)(S) | a^Aga C Zs,b~ x Z' s b C A' s ,g = ahb}. 
(so that by definition £g(&) — AgQs) )• 

(a) The functor F : Eg(^o) — > Ag{^o)^ carrying (A,A',g) to (A,A', , y), where 7 is the connected 
component of Transc(^4, A') containing g, is an equivalence of categories. In particular, 
£g(ko) ^ equivalent to a finite category, and for every algebraically closed extension k! ofk, 
the natural functor £g(^o) ~ ► ^Gyi^o) l 's an equivalence of categories. 

(b) The projective system H°(X A , i? 9 7r* [l/c g ]*if ) indexed by (A, A' , g) G Ax^iky factors through 
£g(tto)- 

Remark 6.20. The projective system in !6.19l (b) does not factor through (A G )^ in general. Indeed, 
if G is a finite discrete group of order prime to £, then Ag(^o) an d Ag(^o)^ are both connected grou- 
poids of fundamental group G, while A G is a simply connected groupoid. If K e Mod c (BG, ¥e), 
then the projective system in !6.19l fb) can be identified with the F^-representation of G correspond- 
ing to K. 

The proof of 16.191 will be given after 16.251 We will exploit the fact that the family of stacks 
[X A /A] parametrized by (A, A',g) G Aa(kp underlies a family "algebraically parametrized" by 
Eg- To make sense of this, the following general framework will be convenient. 

Definition 6.21. Let V be a category enriched in AlgSp/ re ([6.3p . By a family of Artin K-stacks 
parametrized by P, or, for short, an Artin D-stack, we mean a collection 

X = (X a ,xa,b,o-a,ja,b,c)a,b,C£V, 
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where Xa is an Artin stack over k, xa,b ■ Xa x Homu(A, B) — > Xb is a morphism of Artin stacks 
over k, oa and ja,b.c are 2-morphisms: 

X A ^1 X A x Homx>(A, A) 



"A A 




A^ x Hom c (^,B) x Homx,(B,C) 



A^ x Rom v {A,C) 



xa,b xHomp(S,C) 



A c 



X B x Homx,(S,C) : 

Here i : Spec(fc) — > Honip( J 4, A) is the unit section and c : Homx>(A, £?) xHoiiid(B, C) — >■ Homx>(A, C) 
is the composition. 

A morphism / : A — >• Y of Artin D-stacks is a collection ((/ y i)Aex> ) (^a.b^bg'd); where 
Ja '■ Xa — >• Ya is a morphism of Artin stacks and ^>a, b is a 2-morphism: 

A A x Home (A, B) -^4- A B 



/a 



y A x Hom p (4,B) — -^y B 

satisfying certain identities of 2-morphisms with respect to the unit section i and the composition c. 

Definition 6.22. Let A be a commutative ring and let A be an Artin 2?-stack. We define a 
category £> cart (A, A) as follows. An object of L> cart (A, A) is a collection ((K a )a<=v, {(%a,b) A,BeT>) , 
where Ka £ D caTt (XA, A), cla,b '■ x* A b Kb — > P*Ka 1 P- Xa x Honix>(A, B) — > Xa is the projection, 
such that the following diagrams commute 



'-A,A 



t &A A 




h A,C 



Ja,b,c 



K c 



P*K A 



K a 



X A,B X B,C 



&B C 

K C '^P*X*a b K B 



A morphism K — > L in £> cart (A, A) is a collection (Ka — > La)aev of morphisms in D cart (XA, A) 
commuting with cxa,b- If A is nocthcrian, wc define Z)+(A, A) to be the full subcategory of 
-Dcart(A, A) consisting collections [K , a) such that Ka is in D+(Aa,A) for every A in V. If 5 is 
an Artin stack over k, we denote by Sx> the constant Artin 2?-stack. If k is separably closed, then 
Mod cart (Spec(K)x>, A) is equivalent to the category of projective systems of A-modules indexed by 
V(-kq). Indeed, in this case, ola,b'- P*Kb — > p*Ka is a morphism between constant sheaves on 
Homp(A, B), and has to be constant on every connected component of Homp(i, B). 

Remark 6.23. If T> is discrete (i.e. induced from a usual category) and A is a P-scheme, i.e. a 
functor from V to the category of K-schemes, this category D cart (A, A), which consists of families 
of objects Ka € D(Xa,A) and compatible transition maps XJKb — > Ka for /: A — > B, should 
not be confused with the derived category of sheaves of A-modulcs on the total etale topos of X 
over V. 

Construction 6.24. Let / = ((/a)a£X>, (<Pa,b)(a,b)£T>) De a morphism of Artin D-stacks. The 
functors f A induce a functor /*: D caTt (Y, A) — > D cart (A, A). On the other hand, for K 6 
-Dcart (A, A) we have a diagram 



(6.24.1) 



V*A,B R h 



p*Rf A *K A 



RfA*X* A B K B A ' B> RfA*P*K A 
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where the vertical arrows are base change. 

Assume that A is annihilated by an integer invertiblc in k, and that the condition (a) (resp. 
(b)) below holds: 

(a) Homx>(^4, B) is smooth over k for all objects A, B in T>; 

(b) Xa and Ya are of finite type over k and Ja is finitely-presented for every object A of £>, A 
is noetherian and K G D+(X, A). 

Then the right vertical arrow is an isomorphism by smooth base change (resp. generic base change 
(|2.12|0 from Spec(«;) to Homx>(A, B), and thus the diagram (|6.24.1[) defines a map y* A b R!b*Kb — > 
p* RJa*Ka- These maps endow (R/a*Ka) with a structure of object of D calt (Y, A). We thus get 
a functor 

RU ■ D cait (X, A) D caTt (Y, A) (resp. D+(X, A) -> D+(Y, A)). 

The adjunctions id£> cart (x A ,A) - > RfA*fX induce a natural transformation id — > Rf*f*. 

Remark 6.25. The construction of i?/* above encodes the homotopy-invariance of etale coho- 
mology [551 XV lemme 2.1.3]. More precisely, assume n separably closed field. Let Y,Y' be two 
Artin stacks over k, L G Z? cart (Y, A), i' G _D cart (Y', A). A morphism c: (Y, L) — > (Y',L') is a pair 
(g,(j)), where Y — s> Y', 0: — > L. We say that two morphisms c ,ci: (Y, L) — > (Y',L') are 
homotopic if there exists a connected scheme T of finite type over k, two points 0, 1 G T(k), a 
morphism (Y Xg pcc ( K ) T, pr|L) — s> (Y, L') inducing cq and ci by taking fibers at and 1, respec- 
tively This is equivalent to the existence of an Artin 2>r-stack X and an object K G D cavt {X, A) 
such that Xa — Y, Xa> — Y', K~a = L, Ka 1 = L' and inducing Co and c\ by taking fibers 
at and 1. Here V T is the Sch/ K -enriched category with Ob(V T ) = {A, A'}, Uom VT (A, A) = 
Homx> T (A 1 , A') = Spec(«;), Homj) T (A' , A) = and Homx> T (A, A') — T. If Co and c\ are homo- 
topic, then Cq = c\ : H*(Y',L') — > H*(Y,L). To prove this, we may assume that T is a smooth 
curve as in XV lemme 2.1.3]. Let a: X — > Spec(Ac)u T be the projection. By (a) above, R*a*K 
is a projective system of graded A- modules indexed by T>t(tto), and Cq = c\ is the image of the 
nontrivial arrow of T>t{t^o)- 

Proof of \6.1iA By construction, F is essentially surjective. Consider the morphism of schemes 
<p: Roui £g ((A, A',g), (Z,Z',h)) -> Ram Aa (Z',A') = Trans G (Z', A') given by (a,b) (-4 b. It fits 
into the following Cartesian diagram 

Hom £o ((A, A',g), (Z, Z', h)) Trans G (Z', A') 



{t G Rom{Z',A') | t(c h (Z)) d c g {A)Y >■ Hom(Z', A 1 ). 

In particular, (/> is an open and closed immersion and induces an injection on 

Kom £a( n o) ((A, A',g), (Z, Z', h)) -> Uom Aa ^ o) (Z' , A'). 

In other words, the composite functor P20F: Eg(ttq) — > Ag(^o)° p is faithful, where P2 '■ ^4g( 7I "o)^ — > 
A g (k ) op - Therefore, F is faithful. To show that F is full, let (a, /?) : F(A, A', g) -> F(Z, Z', h) be 
a morphism in ^G( 7I "o) t '- Choose b G /3(fc) C G(k). Then we have a Cartesian diagram 

Trans G (A, Z) — ^ Trans G (A, A') 



Hom(A, Z) c Hom(A, A'), 

where t/> : a t— > a/16. In particular, ^> is an open and closed immersion. The map 7To(Trans G (j4, Z)) — > 
7ro(Trans G (^4, A')) induced by ip carries a to 7 = a?7/3, where 7 G 7To(Trans G (^4, and 77 G 
7ro(Trans G (^', -A')) are the connected components of h, respectively. Thus there exists a G 
a(fc) C G(fc) such that g — ip(a) = ahb. Then (a,b): (A,A',g) — > (Z,Z',h) is a morphism in 
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£{k) = Ac{k)^, and induces a morphism r in £g(ito) such that F(t) = (a, (3). Therefore, F is an 
equivalence of categories. The second assertion of (a) follows from this and 16.51 
Let us prove (b). For (A,A',g) and (Z,Z',h) in £c(k), consider the scheme 

T = nom £a ((A,A',g),(Z, Z',h)) 

and the tautological section t = (a,b) £ T(T). Then, if [X A> /A] T (resp. [X z ' /Zj T ) is the pull-back 
of [X A> /A] (resp. [X z> jZ\) on T, t dehnes a morphism of stacks [b^/cg} : [X A /A] T [X z> /Z] T 
enriching the morphism occurring in (|6.15.3p . These morphisms are compatible with composition 
of morphisms up to 2-morphisms, and define a structure of £<;-stack on the family of stacks [X A /A] 
for (A, A',g) £ £c(k). Moreover, the diagram (|6. 15.3[) underlies an enriched diagram 

X^ 

b- 1 

[X/G] T ^—[X Z '/Z] T ^X Z \ 

where the 2-morphism of the triangle is induced by b. Therefore we get morphisms of Artin 
£(3-stacks 

[X/G\s G ^ {[X A ' /A]) {A>A , >g) A {X A \ AiA , ig) . 

The morphism (a, b)* ()6. 15.4[) is the stalk at (a, b) of the corresponding morphism of constant 
sheaves on T 

(6.25.2) (a,b)*- H°(X Z ' ,R^4l/ c h ]*K) T ^ H°(X A ' ,^^[1/ c g }*K) T , 

defined by (a, b) via the square in (|6.25.1|) . Therefore it depends only on the connected component 
of (a, b) in T. ' □ 

We need the following lemma for the proof of 16.161 (a). 

Lemma 6.26. Let Y be an algebraic space separated and of finite type over k, and let A be a finite 
discrete group. Let L e D b c {\Y/A],¥i), where A acts trivially on Y . Let n: [Y/A] = BA x Y -> 
Y be the second projection. Consider the structure of H*(B A, ¥e) -module on R*it*L given by 
constructions pT^l and \3. 71 as R*ir*¥e is a constant sheaf of value H*(BA,¥g). Then R*n*L is a 
sheaf of constructible H*(BA,¥i)-modules. 

Proof. We may assume L concentrated in degree zero. Suppose first that L is locally constant. 
Then R*tt^L is a locally constant, constructible sheaf of H*(B A, F^)-modules. Indeed, by definition 
there is an etale covering (U a ) of Y such that L | [U a /BA] (considered as a sheaf of F^[A]-modules 
on U a ) is a constant F^AJ-module of finite dimension over of value L a . Then R*tt*L \ U is a 
constant H * (BA,¥ e )-module of value H*(BA, L a ). ByHjll H*(BA, L a ) is a finite H*{BA,¥ t )- 
module, so the lemma is proved in this case. In general, take a finite stratification Y — L)Y a into 
disjoint locally closed subsets such that L \ Y a is locally constant. Then, if 7r Q = it [Y a /A] — > Y a , 
(i?*7r»L) | Y a ~ Rir a „(L | Y a ) by the finiteness of A, and we conclude by the preceding case. □ 

Proof of \6.16\ (a). By |6.19l (b) we can rewrite R q G {X, K) in the form 

R q G (X,K):= hm H°{X A \ R q nJl/c g ]*K). 

(A,A',g)e£ G (TT„) 

As £g(tto) is essentially finite (|6.19l (a)) and R q ir„[l/c g )*K is constructible, the first assertion 
follows. Let us now prove the second assertion. As £g(t^o) is equivalent to a finite category, it 
is enough to show that, for all (A,A',g), H°(X A ', R*Tr„[l/c g }* K) is a finite H*(BG, F £ )-module. 
As A acts trivially on X A \ R*ir*[L/cg]*K is a constructible sheaf of fF(fM,F^)-modules by 
Lemma Therefore H°(X A \ R*>K*[l/c g ]*K) is a finite H* {BA,¥ e )-modu\e, thus, bvBla 

finite £P(BG, F £ )-module. □ 



(6.25.1) 




[X A /A] T — 
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7 Points of Artin stacks 

In this section we discuss two kinds of points of Artin stacks which will be of use to us: 

(a) geometric points, which generalize the usual geometric points of schemes, 

(b) I- elementary points, which depend on a prime number £, and are adapted to the study of the 
maps a{G,X) f6~%^j) and a G (X,K) (JUTSD . 

The statement of the main structure theorem on Artin stacks (|8.3|) requires only the notion 
(b). The notion (a) is a technical tool used in the proof. 

Definition 7.1. Let X be a Deligne-Mumford stack. By a geometric point of X we mean a 
morphism x — > X, where x is the spectrum of a separably closed field. The geometric points of X 
form a category 

Px, 

where a morphism from x — > X to y — >• X is defined as an ,Y-morphism X^ — > X^ y \ of the 
corresponding strict henselizations 6.2.1]. The category Px is essentially W-small. One shows 
as in [33] VII 7.9] that functor (x — >• X) i-4 (J- i-4 J- x ) from Px to the category of points of the 
etale topos X ct is an equivalence of categories. 

When X is a scheme, Px is the usual category of geometric points of X. If X = Speck, k a 
field, Px is a connected groupoid whose fundamental group is isomorphic to the Galois group of k. 

As Px is a U-small category, we have a morphism of topoi 

(7.1.1) p:Px^X ct , 

where, for a sheaf J- on X, p*J- is the presheaf [x — > X ) i— > J-^ on P^, and applied to a 
presheaf {K x ) x ^p x is the sheaf whose set of sections on U is l^im^^ i^. In particular we have an 
adjunction map 

(7.1.2) b x ,T-T ^V*V*T, 

which is a monomorphism, as X et has enough points and p*bx,j r is a split monomorphism (this 
fact is of course a particular case of the analogous property for topoi having enough points, cf. [3H 
IV 6.7]). 

Proposition 7.2. Let X be a Deligne-Mumford stack, A a noetherian commutative ring, J- a 
constructible sheaf of A-modules on X. Then the adjunction map bx,T'- J 7 ^ P*P*J~ (|7.1.2p is an 
isomorphism. In particular, the homomorphism 

(7.2.1) <j>: F{X) -4 Hm T x 

xeP x 

is an isomorphism. 

Proof of \7. e A If / : y — > X is a morphism of Deligne-Mumford stacks, the square of topoi 

p~ py > V 

Py — »■ y c t 



P X ^X ct 
commutes and induces base change morphisms 

(7.2.2) p*xf* Pf*P*y 
and 

(7.2.3) f*Px*->Py*Pf. 
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If / is a closed immersion, (I7.2.2j) is an isomorphism. If / is etale, (|7.2.3p is an isomorphism and 
the following diagram commutes: 



(7.2.4) f*F -^Py^yFT 

f*bx,r 

* 17.2.31 

J*Px*Vx- F z > P*y p *fP*x- F 

Let i : Z — > X be a closed immersion, j : U — > X be the complementary open immersion. Then 
the following diagram with exact rows commutes (where we write p for px)' 







0- 



P*P* 3\3* J 7 ■ 



■T ■ 



b X,i,V 

■ p*p*i*i*F 







bx, F 

■p*p*T — 

Thus, to show that bx,T is an isomorphism, it suffices to show that both bx,i*i*F and bx,j t j*T are 
isomorphisms. The diagram 

i*i*J- V i*pz*p* z i*T 



17.2.21 

p*p*i*i*T — p*Pi*p* z i*T 

being commutative, bx,i,i*T is an isomorphism if bz,%*F is an isomorphism. On the other hand, 
the following diagram commutes: 



(7.2.5) 



■■ 3*313* r- 



■Pu*P u 3 313 -F-- 



■ 3*P*P*3'.j*^ 

<7.2.at 

: Pu*Pfp*j\j*J 7 - 



We now prove that 
(7.2.6) 



i* (p*p* T) = 0. 



By the commutativity of (|7.2.5p . this will imply that bx,j t j*F is an isomorphism if bu,j*T is an 
isomorphism. For any geometric point z — > -Z, 



(7.2.7) 



ip*P*3\fJ r )2 



lim 



UGN x (z)°p u£P v 



where Nx(z) is the category of etale neighborhoods of z in X that are quasi-compact and quasi- 
separated schemes. Let U be any such neighborhood. Take a finite stratification (U a ) a ^A of U 
by connected locally closed constructible subschemes such that the restrictions T \ U a are locally 
constant. Let Pu,(u a ) a€ A De the category obtained from Pjj by inverting all arrows in the full 
subcategories Pu a - Geometric points of the same stratum are isomorphic in Pu,(U a ) a eA- Let 
B C A be the subset of indices a such that there exists a morphism from a geometric point of 
U a to z in Pu,(U a ) aeA ■ Let V = U ae BU a . Since the geometric points of V are closed under 
generalization in U, V is an open subset of U. Since specialization maps on the same stratum 
are isomorphisms, the projective system ((j\j*J 7 )v)veP v factors uniquely through a projective 
system ((jij*J-) x )xeP v (Ua) eB (where on each stratum U a , a G B all specialization maps are 
isomorphisms) and 



Ijm (j\3*F)v ^ 



V,(U a ) aeB 
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Note that Py contains z and that for any object x of Pv,(u a ) a€B there exists a morphism from x to 
z. Therefore, as (j\j*F) z = 0, this limit is zero. This implies that the full subcategory of Nx(z) op 
consisting of the neighborhoods U such that lim ^ p (j\j*F) v = is cofinal. It follows that the 
limit (I7.2.7P is zero and hence (|7.2.6|) holds, as claimed. To sum up, we have shown that bx,F is 
an isomorphism if both bz.i*T and bu,j*F are isomorphisms. 

By induction, we may therefore assume F locally constant. Using (|7.2.4p . we may assume F 
constant. In this case it suffices to show that (17.2. 1J) is an isomorphism. We may further assume 
that X is connected. Then Px is a connected category and the assertion is trivial. □ 

Remark 7.3. If, in 17.21 the sheaf F is not assumed constructible, then the monomorphism <f> is 
not an isomorphism in general, as shown by the following example. Let X be scheme of dimension 
> 1 of finite type over a separably closed field k and let F be the skyscraper sheaf ©xelxi^x.A, 
where \X\ is the set of closed points of X and i x : {x} — » X the inclusion. Then T(X, F) = A^ x ^ 
(by commutation of T(X,—) with filtering inductive limits). On the other hand, for x € Px, 
F x = A if the image of a; is a closed point, and F x = otherwise, hence hjn^^ A = A' X L The 

monomorphism ip in 17.21 is the inclusion A^ x ^ C A'^', which is not an isomorphism, as \X\ is 
infinite. 

Remark 7.4. In the situation of 17.21 the morphism 

RT(X, F) -^R fim F x 

is not an isomorphism in general. In fact, if X = Spec(/c), then the left hand side computes 
the continuous cohomology of the Galois group G of k while the right hand side computes the 
cohomology of G as a discrete group. 

Definition 7.5. Let X be an Artin stack. By a geometric point of X we mean a morphism 
a: S — > X, where S is a strictly local scheme. If a: S — > X and b: S — > X are geometric points of 
X, a morphism (a: S — > X) — > (b: T — > X) is a morphism u: S — > T together with a 2-morphism 

(7.5.1) S *-T 

\\ 

X. 

We thus get a category V x , full subcategory of A\gSp/ x (EU- We define the category of geometric 
points of X as the category 

Vx = M^V'x, 

localization of V' x by the set Mx of morphisms (a — !> b) in V' x sending the closed point of S to the 
closed point of T. 

This definition is consistent with that in 17. It 

Proposition 7.6. For any Deligne-Mumford stack X , the functor Px — > V' x sending every ge- 
ometric point x — > X to the strict henselization Xi x \ — > X induces an equivalence of categories 
l: Px^Vx- 

Proof. Consider the functor F' : V' x — > Px sending S — > X to its closed point s — > X. For any 
morphism in V' x as in (|7.5.1J) . its image under F' is the induced morphism Xr s -\ —> X(t), where s 
and t are the closed points of S and T, respectively. The functor F : Px — > Px induced by F' gives 
a quasi- inverse to i : Px — > Vx ■ In fact Fl — idp x and we have a natural equivalence id-p x lF 
given by the morphism S — > X/ s \ in Mx for S — > X in Vx of closed point s. □ 

Remark 7.7. The reason why we do not consider the category of points Point(,Y sm ) of the smooth 
topos X sm is that already in the case A 1 is a non-empty Deligne-Mumford stack, the functor 
Point (X sm ) — !> Point (X ct ) induced by the morphism of topoi e: X sm — > X ct is not an equivalence. 
For example, if U — > X is a smooth morphism and y is a geometric point of U lying above a 
geometric point x of X such that the image of y in the fiber U Xx x is not a closed point, then the 
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points x : J- h- > (J 7 ^)^ and y: J- <-^>- {J~u)y of A'sm are not equivalent, but have equivalent images in 
Point(«Y ct ). Indeed, if we denote by c : X ct — > X snl the right adjoint of e*, then the fiber of e'e^ et 
is e at x, but is at y. 

Proposition 7.8. Let X be an Artin stack, V' x be the full subcategory ofV' x consisting of mor- 
phisms S — > X , such that S — >■ X is the strict henselization of some smooth presentation X — > X 
at some geometric point of X. Let Mx = Mx f~l At(V x ). Then the inclusion V' x C V'x induces an 
equivalence of categories M x V x — > Vx- 

Note that V' x is essentially small. Thus 17.81 shows that Vx is essentially small, although V' x is 
a i-Z-category and not essentially small in general. 

Proof. We write V x = M^V'x- For x: S -> X in V' x , let A x be the full subcategory of AlgSp(;t%/ 
consisting of diagrams 

(7.8.1) S ^X 




v 



X 



such that p is a smooth presentation. Then A x is nonempty since every smooth surjection to S 
admits a section [T7] 17.16.3 (ii)]. Moreover, A x admits finite nonempty products. Consider the 
functor F x : A x — J> V' x sending (|7.8.ip to the strict localization Xt s ^ — > X at the closed point s of 
S. For any pair of morphisms (/,<?): X =^ Y with the same source and target in A x , F x f = F x g. 
Indeed, f\S = g\S implies F x (f)t — F x (g)t, where t € M x is the inclusion of the closed point of 
X( s ) . Thus there exists a unique functor G x making the following diagram commutative 



V x 



Vx 



where \A X \ is the simply connected groupoid having the same object as A x . This construction is 
functorial in x, in the sense that for x — > y in V' Xl we have a natural transformation 



\A„ 



1-4, 




Vx 



Choosing an object X in A x for every x, we obtain a functor V' x — > Vx sending x to Xr s y This 
functor factors through V — > Vx and defines a quasi-inverse of Vx — > Vx- □ 

Remark 7.9. For any morphism /: X —> y of Artin stacks, composition with / defines a functor 
V' f --V'x^V'y, which induces Vf.Vx^Vy. 

(a) If / is a representable universal homeomorphism, then V f is an equivalence of categories. In 
fact, base change by / induces a functor V'y — > V' x , sending My to Mx, which induces a 
quasi-inverse ofVf. 

(b) For morphisms X — > y and Z — > y of Artin stacks, the functor V Xxy z — > V' x x V y V' z is an 
equivalence of categories. 

Example 7.10. Let k be a separably closed field, G be an algebraic group over k. Then Vbg is 
a connected groupoid whose fundamental group is isomorphic to 7r (G). 

To prove this, bv !7.9l (a), we may assume k algebraically closed and G smooth. Then, for every 
object S — > BG of V' BG , the corresponding Gs-torsor is trivial and we fix a trivialization. For any 
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strictly local scheme S over Spec(fc), we denote by ps ■ S — > BG the object of Vbg corresponding 
to the trivial Gs-torsor and by 05 : S — > Spec(fc) the projection. By the definition of BG (|1.5.2|) . 
morphisms ps — > pt in V BG correspond bijectively to pairs (/, r), where /: S —> T is a morphism 
of schemes and r £ G(S). We denote the morphism corresponding to (/, r) by 9(f,r). If s is the 
closed point of S, r(s) £ G(s) belongs to the inverse image of a unique connected component of 
G, denoted [r]. Let II be the groupoid with one object and fundamental group tvq(G). The above 
construction defines a functor V BG —> II sending 9(f, r) to [r], which induces a functor still denoted 
by F: Pbg -> II. Since 0(a s ,r): p s -> p Sp oc(fc) is in Mbg and 9(f,r)9(a T ,l) = d{a s ,r), 6(f,r) is 
an isomorphism in Vbg- Thus 'Pbg is a connected groupoid. To show that _F is an equivalence of 
categories, it suffices to check that for all r £ G°(S), 6(0,3, r ) = 6 (as, !)■ Here = stands for equality 
in Vbg- For this, we may assume that S is a point, say S = Spec(fc'). We regard r: Spec(fc') — > G 
as a geometric point of G. Since G° is irreducible, X = Gm Xg Gr r ) is nonempty. Let x be a 
geometric point of X, t £ G(G) be the tautological section. Then 

0(ac w , t)fl(«i, 1) = 8{a Spcc[k) , 1) = e(oG (1) , l)0(*i, 1), 

where si : Spec(fc) — > G(i) is the closed point. It follows that 9(ac (1) ,t) = 0(acj (1) ,l), 9(a x ,t) = 
9(a x , 1), and hence 9(a,G (r) ,t) = 8(aa {r) , 1). Therefore, if s r : Spec(fc') — > G( r ) denotes the closed 
point, we have 

%s P ec(fc')' r ) = 0( a G (r) ,t)9(s r , 1) = 9(a G(rV l)9(s r ,l) = 9(a Spcc{k , } , 1). 

Construction 7.11. Let <Y be an Artin stack. If if is a cartesian sheaf on X, then 

(a: S ^ X)^ V(S, a*K) = K s 

(where s is the closed point of S) defines a presheaf on Vx, which will denote by pK. We thus get 
an exact functor 

(7.11.1) p: Sh cart (A") -^Vx- 

If A" is a Deligne-Mumford stack, then p* ~ t*p, where p: Vx X is the projection (|7.1.ip and 
t : Px — > Vx the equivalence 17.61 

The following result generalizes 17.21 

Proposition 7.12. Let X be an Artin stack, A be a noetherian commutative ring, J- be a con- 
structible sheaf of A-modules on X. Then the map 

(7.12.1) T{X,F) -> hm T x 

x£V x 

defined by the restriction maps T(X,J-) — > (p.F)(a;) = T x is an isomorphism. 

The proof will be given after a few lemmas. 

Lemma 7.13. LetC be a category and S be a set of morphisms inC. If we denote by F: C — >• S~ 1 C 
the localization functor, then F and F op are cofinal id. 1\) . 

Proof. It suffices to show that F is cofinal. Let X be an object of S~ 1 C, Y be an object of C and 
/: X — > FY be a morphism in S~ 1 C. Then / = tnS' 1 . . . tis^ 1 with ti in C and Sj £ S. Using £j 
and Si, f can be connected to lx ■ X — > FX. □ 

Lemma 7.14. Let F: C — > T> be a functor between small categories. Assume that for any morphism 
f: X — > Y in T>, there exists a morphism a: A — > B in C and a commutative square in T> of the 
following form: 

f 

X >- Y 



F {a)-^Lf(b) 
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Then F is of descent for presheaves. More precisely, for any presheaf F on T>, with the notation 
of 143, IV 4-6], the sequence 

T -> F*F*F =4 F 2 »F 2 *F 

is exact, where C Xp C is the 2- fiber product, F 2 : C Xp C — > T> is the projection, and the double 
arrow is induced by the two projections from C Xp C to C. In particular, the sequence 



(7.14.1) 



r(x>, t) r(c, f*f) =4 r(c x v c, f 2 *f) 



is exact. 



Proof. For any X in V, F(X) -> (F*F*F)(X) 



F': C 



D/_x induced by F and J 7 | (D/x) 



(F 2 *F 2 *F)(X) is (I7.14.ip applied to the functor 
Since F' also satisfies the assumption of the 



lemma, it suffices to prove that (|7. 14.11) is exact. By definition, T{C, F*F) consists of families 



(sx) G ^m XeC F{F(X)). Similarly, T(C x v C,F 2 *F) = fim 



(y,z,Q)eCxi>c 



F(F 2 (F,Z,a)). Let F 

be the equalizer of the double arrow in (|7.14.1[l . Define e: F — > T(2?, F) as follows. Let s G F. For 
any object X of 2?, put e(s)x = e*(sA), for a choice of e: X ~ F(A) (and e* = F(e) : F(F(A)) ~ 
F(X)). This does not depend on the choice of e, because if e': X —> F(A'), then e'e -1 defines an 
object of C Xt> C, and s G F implies e*(sA) = e'*(sA')- For any morphism /: X — > Y in £>, the 
fact that s G F implies that /*(e(s)y) 
of T(P,F) -4 F. 



e(s)x- It is straightforward to check that e is an inverse 

□ 



Lemma 7.15. Let f: X — > y be a smooth surjective morphism of Artin stacks. If hi is a universe 
containing V' x and Vy, then the functor V'j : V' x — > Vy satisfies the condition of \ 7. 1J\ for U. 

Proof. Let (h, a) : (S, u) — > (T, v) be a morphism in Vy. Since X x y T is an Artin stack smooth 
over T, it admits a section, giving rise to the following 2-commutative diagram 




Then the following diagram commutes 



V>((S,gh))^lr>((T,g)), 



where the left (resp. right) vertical arrow is the isomorphism (ids, Pot : u =>• fgh) (resp. (idy, /3 : v => 
/<?))■ ' □ 



Proof o1 \1.12\ Note that Hm F x — > lim F x is an isomorphism bv !7.13l Let /: X — >• ,Y be 
a smooth presentation. The following diagram commutes: 



r(*,F) 



T(X,f*F) 



T(X x x X,g*F) 



lim Fc >■ lim Fr ? lim F K 

Here g : X x x X — > X and the double arrows are induced by the two projections from X x x X 
to X. The top row is exact by the definition of a sheaf. The bottom row is exact bv l7.141l7.15l and 
17.91 (b) . The middle and right vertical arrows are isomorphisms by 17.21 and 17.61 It follows that the 
left vertical arrow is also an isomorphism. □ 
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Example 7.16. For X — BG as in !7. 101 T corresponds fbv l2.6l and l2.7[) to a A-module of finite type 
M equipped with an action of tt (G). Thus T(BG,J 7 ) is the module of invariants M" ' 6 '. Bv lTTOl 
lim ^ T x is the set of zero cycles Z°(ttq(G), M), and (|7.12.1|) is the tautological isomorphism. 
If G is finite, the isomorphism (|7.12.ip extends to an isomorphism 

Rr{BG,T) A R bin T x = RT(Bn (G), M). 

xev B G 

However, for G connected, this no longer holds in general, as the example of G = G m and T = A 
already shows (|4.4p . 

In the rest of this section, we fix a prime number I. 

Definition 7.17. Let X be an Artin stack. By an l-elementary point of X we mean a representable 
morphism x: S — > X, where S is isomorphic to a quotient stack [S/A], where S is a strictly local 
scheme endowed with an action of an elementary abelian ^-group A acting trivially on the closed 
point of S. If x: [S/A] —> X, y: [T/B] — > X are ^-elementary points of X, a morphism from x to y 
is a morphism p: [S/A] — > [T/B] together with a 2-morphism a: x => yip. We thus get a category 
C' x e , full subcategory of Stack^J? (|1.18[) . 

Proposition 7.18. Let X be an Artin stack. 

(a) Let x: S — [S/A] X be an i-elementary point of X, let s be the closed point of S , and let 
e be the composition s S —¥ S . Then Aut < s(e: s — >• S) = A, and the morphism x induces 
an injection 

Auts(e: s^S)^ Au%x{xe: s — > X). 

(b) Let x: [S/A] — > X, y: [T/B] — > X be i-elementary points of X, and let (jp,a): x —> y be 
a morphism in C' x e . Then there exists a pair (f,u), where f: S — > T is a morphism of 
X -schemes and u: A — > B is a group homomorphism, such that the morphism of X- stacks 
(tp,ot) is induced by the morphism of groupoids (f,u): (S,A), — > (T,B), over X. If (f,u) is 
such a pair and r £ B , then (/r, u) is also such a pair. If (/i, Hi) and (/2, U2) are two such 
pairs, then U\ — u-i and there exists a unique r 6 B such that fir = fi- 
le) Assume that X = [X/G] for an algebraic space X over a base algebraic space U, endowed 

with an action of a smooth group algebraic space G over U . Then every l-elementary point 
x: [S/A] [X/G] lifts to a morphism of U- groupoids (xo,i)' (<!?, A), — > (T,B),, where 
xq : S — > X and i: S x A — >• G. Moreover, in the situation of (b), if (xo,i), (yoij)i (fi u ) 
are liftings of x, y, ip to U -groupoids, respectively, then there exists a unique 2-morphism of 
U -groupoids hl.ty) lifting a 

(7.18.1) (S,A) m -^t(T,B). 




given by r: S — > G satisfying Xo{z)r(z) — (yof)(z) and r(z) i(z, a)r{z) = j(f(z), u(a)). 

Proof, (a) The first assertion follows from the definition of [S/A] (|1.5[) . and the second one from 
the assumption that x is representable, hence faithful (cf. I1.15|) . 

(b) Applying 11.171 to the groupoids (S, A), and (T,B), over X, we get a pair (f,u), with 
u: S x A — > B given b v 11.21 fa), such that [f/u] = ((p, a). The morphism u is constant on S, hence 
induced by a homomorphism, still denoted u, from A to B. Such a pair (/, it) is unique up to 
a unique 2-isomorphism. If (fi,u\) and (/2,W2) are two choices, a 2-isomorphism from (/i,iii)» 
to (f2,U2)» is given by r: S — > B (|1.2I (b)), which is necessarily constant, of value denoted again 
r G B. Then we have f%r = f% and u\r = ru2, hence u\ = u%. 

(c) The existence of the liftings follows from ll.lTl applied to the three groupoids. The description 
of the morphisms and the 2-morphism of groupoids comes from 11.21 (b). □ 
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Definition 7.19. For a stack of the form S = [S/A] as in !7.17l the group A is, in view of 17. 181 fa), 
uniquely determined by S (up to an isomorphism). We define the rank of S to be the rank of A, 
and for an ^-elementary point x : S — > X 1 wc define the rank of x to be the rank of S. ^-elementary 
points of rank zero are just geometric points of X (|7.5[) . The full subcategory of C' x (|7.17[) spanned 
by ^-elementary points of rank zero is the category V' x (|7.5p . 



Construction 7.20. Let C' x t be the following category. Objects of C' x t are pairs (x,A) such 
that x: S — » X is a geometric point of X, A is an elementary abelian £-group acting on x by 
<Y-automorphisms with trivial action on the closed point of S, and the morphism [S/A] — > X 
is representable. Morphisms of C' x e are pairs (f,u): (x,A) — > (y,B), where u: A — >• B is a 
homomorphism and / : x —¥ y is an equivariant morphism in V' x . Note that u is necessarily a 
monomorphism. By definition, C' x e is a full subcategory of Eq(Stack 1 ,'^). We have a natural 



functor p' : C x e — > C' x t sending (x, A) to [S/A] -> X. Bv l7.18l fa) and (b), the functor is full and 
essentially surjective, and in particular cofinal (|6.2p . If w' : V' x <-> C' x e is the inclusion functor, 
and w' : V' x —> C x e is the functor sending x to (x, {1}), which is also fully faithful, we have a 
2-commutative diagram 

(7.20.1) 




Let 
(7.20.2) 



Cxj. — N V \C') 



be the category deduced from C' x t by inverting the set Nx,i of morphisms (/, u) : (S, A) — > (T, B) 
such that / sends the closed point s of S to the closed point toiT and u: A — >• B is an isomorphism. 
Similarly, let 



(7.20.3) 



Cx,t - n xj c 'x,i 



be the category deduced from C' x e by inverting the set of morphisms N x , image of Nx,t under 
p' : C' x e —> C' x e . We call Cx.e the category of £- elementary points of X. When no ambiguity can 
arise, we will remove the subscript £ from the notation. 
The diagram (|7.20.ip induces a diagram 



(7.20.4) 



Vx 




-x 



Cx- 



The functor p is essentially surjective, and its effects on morphisms can be described as follows. 
Let (x,A) and (y,B) be objects of Cx- The action of B on (y,B) by automorphisms in C' x 
induces an action of B on (y,B) by automorphisms in Cx, and, in turn, an action of B on 
Hom^ ((x, A), (y, B)). This action is compatible with composition in the sense that if / : (x, A) — > 
(y, B), g: (y, B) — > (z, C) are morphisms of Cx, and b £ B, then g o (fb) = (g{0(g)(b))) o /, where 
9 : Cx — > A is the functor induced by the functor C' x —> A carrying (x,A) to A. Here A denotes the 
category whose objects are elementary abelian ^-groups and whose morphisms are monomorphisms. 
Therefore we have a quotient category Cx having the same objects as Cx with morphisms defined 
by 

Hom^ ((x, A), (y, B)) - Hom^ ((*, A), (y, B))/B, 

and a quotient functor p: Cx — > Cx- By the universal properties of p, p, and the localization 
functors C' x — > Cx, C' x —> Cx, we have a quasi-equivalence between Cx and Cx, compatible with p 
and p. In particular, p induces a bijection 



(7.20.5) 



Horn. ((<r, A), (y, B))/B ^ Hom c , (p(x, A), p(y, B)). 
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Proposition 7.21. The functors w and w in (17.20.4p are fully faithful. 

Proof. It follows from 17.201 that p induces an equivalence of categories from the full subcategory 
of Cx spanned by the image of Vx to the full subcategory of Cx spanned by the image of Vx- 
Thus it suffices to show that w is fully faithful. The functor C' x — > V' x sending (x, A) to a; is a 
quasi-retraction of w' , and induces a quasi-retraction of w. Thus w is faithful. Let us show that 
w is full. Let x, x' be geometric points of X. By definition, any morphism / : x — >• x' in Cx is of 
the form (t n ,v„)(s n , u„) _1 . . . (ii, Vi)(si, Ui)^ 1 , where (U,Vi) : (x t , A) (y i+ i,B i+1 ) is in C' x and 
(si,Ui): {xi,Ai) — > (yi,Bi) is in for 1 < i < n, x\ = x, x n+ i = x' , A\ = A n+1 = {1}. Then 
Ui\ Ai — >• Bi is an isomorphism and t^: Aj — > Bj+i is a monomorphism. Thus A; = £>i = {1}. 
Moreover, ^ is in V' x and is in Mx- It follows that / = m(a), where a — tnS^ 1 . . . tis^ 1 is in 
Vx- " " □ 

Remark 7.22. As in !7.8l one shows that Cx and Cx are equivalent to small categories, although C' x 
C' x are only W-categories. For any representable morphism / : X — >• y of Artin stacks, composition 
with / induces a functor Cf : Cx —±Cy. As in 17.91 (b), Cf is an equivalence of categories if / is a 
representable universal homeomorphism. 

Definition 7.23. Morphisms in the categories Cx,i and Cx,i are in general difficult to describe. 
As in 17.61 when X is a Deligne-Mumford stack, the categories Cx,e and Cx,i admit a simpler 
description. Let us call a DM t- elementary point of X a pair (x, A), where a; is a geometric point 
of X and A an ^-elementary abelian subgroup of Aut x (X). Define a morphism from (x, A) to (y, B) 
to be an ^-morphism X^ — > X( y ^ such that for every a 6 A, the fiber 7 a x^, . y of I a at y consists 
of a single point b £ B. Here i^'^.-fx^x^.Y— >,Yis the inertia stack, and I a C Ix x x X(y) is 
the closure of the image of the point x 1% *x %{ y ) given by a. We thus get a category Cx,i- 
We define the category of DM £- elementary points of X to be the category Cx.e having the same 
objects as Cx,e and such that Hom^ t ((x, A), (y,B)) = Homg,^ ((&, A), (y,B))/B. We omit the 
subscript £ from the notation when no ambiguity arises. 

Proposition 7.24. Let X be a Deligne-Mumford stack. Then the functor C' x — > Cx carrying 
(x,A), where x: S — > X, to (s,A), where s is the closed point of S, induces an equivalence of 
categories Cx — ► Cx and, in turn, an equivalence of categories Cx Cx ■ 

Proof. We define a quasi-inverse l: Cx — > Cx as follows. For an object (s,A) of Cx, we take 
l(s, A) = (s, A). For a morphism /: (s, A) — > (t, B), we take t(/) to be the morphism induced by 

(s,A) -> (T, A) <- (t,A) (t,B), 

where T is the closure of the image of s — > Xu) ■ D 

In the sequel, for X a Deligne-Mumford stack, we will often identify the categories Cx and Cx 
by the equivalence of 17. 241 and call DM ^-elementary points just ^-elementary points. 

Construction 7.25. Let X be an Artin stack. Let J 7 be a cartesian sheaf on X. If x: [S/A] — > X 
is an ^-elementary point of X, let ~F X := x* T, and 

T{x,T x ) :=T([S/A],F X ) = T{BA,F S ) = Ft 

If (ip, a): [S/A] — > [Y/B] is a morphism in C' x , we have a natural map Y(x,F x ) —¥ T(y,J- y ) given 
by restriction, and in this way we get a presheaf x H» T(x, J- x ) on C' x , which factors through a 
presheaf qj 7 on Cx- The canonical restriction maps T(X,F) — > T(x,F x ) yield a morphism 

(7.25.1) T{X,F) -> hjm T{x,F x ). 

If x: [S/A] — > X is an elementary point of rank zero, i.e. a geometric point of X (|7.17p . Y(x,J- x ) = 
T x , and by restriction via w : Vx ^ Cx, the presheaf qT induces the presheaf pJ 7 (|7.11|) . Therefore 
we have a commutative diagram 



(7.25.2) T{X,T) ^lim r T(x, T x 




-xEVx ' 
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where the horizontal (resp. oblique) map is (|7.25.ip (resp. (|7.12.1[) 1. and the vertical one is restric- 
tion via w. 

Proposition 7.26. Let X be an Artin stack, A a noetherian commutative ring, and T a con- 
structive sheaf of A-modules on X. Then (|7.25.1|) is an isomorphism. 

Proof. The oblique map of (|7.25.2|) is an isomorphism by 17.121 The vertical map is obtained by 
applying the functor T(Cx, —) = lim^ (— ) to the adjunction map 

a : qj 7 — > zu*w*qJ- = m^pj- '. 
Thus it suffices to show that a is an isomorphism. Here 

(zu*,zv*): V x -» C x 

is the morphism of topoi defined by (w*£)(z) = £(vj(z)) and (Tu :t Q)(x) — lim, ^Q*. where 

for an ^-elementary point x: [S/A] — > X, [w \. x) is the category of pairs (t, (f>), where t is a 
geometric point of X and <f>: t — >■ x is a morphism in Cx- Let A be the groupoid with one object * 
and fundamental group A. Consider the functor F: A — >• (vj \. x) sending * to (xs,e), where 
e: S — > [S/A], and a e A to the morphism xe — > xe induced by the action of a. For any object 
(t, 4>) of (w I x), the category ((t, (f) \. F) can be identified with the groupoid (</>), ^4)., which 
is nonempty and connected by (|7.2U.5|) . Therefore, F is cofinal and 

a(x) : T(x, T x ) -> lhn T t ^> \\mT xe ~ J 7 ^ 

(t,a)e(roia;) ^ 

is an isomorphism. Here s is the closed point of S. □ 
In the next section we study higher cohomological variants of (17.25.1[) . 

8 A generalization of the structure theorems to Artin stacks 

In this section we fix an algebraically closed field k and a prime number t invertible in k. 

Construction 8.1. Let X be an Artin stack, and let K 6 D calt (X, Fg). For q E Z, consider the 
presheaf of F^-vector spaces on Cx (|7.20.3p 

(x: [S/A] ->X)*+ H q ([S/A],K x ) = H q (BA, K s ) 

(where K x := x*K), and let 

(8.1.1) R q {X,K):= fim H q (S,K x ). 

(x: S^X)£Cx 

The restriction maps H q (X, K) — > H q (S, K x ) define a map 

(8.1.2) a q X K : H q {X, K) -> R q {X, K). 
We denote by ax.K the direct sum of these maps: 

(8.1.3) a x , K = ® q a q X K : H*(X, K) -> R*(X, K). 

If K has a (pseudo-)ring structure (|3.8p . then both sides of (|8.1.3p are F<i-(pseudo-)algebras, and 
a<x,K is a homomorphism of F^-(pseudo-)algebras. 

Definition 8.2. We say that an Artin stack X over k is a global quotient stack if X is equivalent to 
a stack of the form [A/G] for X a separated algebraic space of finite type over k and G an algebraic 
group over k. We say that an Artin stack X of finite presentation over k has a stratification by 
global quotients if there exists a stratification of X lcd by locally closed substacks such that each 
stratum is a global quotient stack. 
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Note that a non separated algebraic space of finite presentation over k is not a global quotient 
stack in the sense of 18.21 in general. Michel Raynaud gave the example of an affine plane with 
doubled origin Y. It follows easily from Weil's extension theorem (see [5] 4.4.1] for a generalization) 
that for every algebraic group G over k, every G-torsor over Y is non separated. 

Recall [251 3.5.9] that, if for any geometric point r\ — > X, the inertia r]XxIx is affine, then X has 
a stratification by global quotients. Note however that our notion of admitting a stratification by 
global quotients is not the same as [251 3.5.3] because we also allow quotients by abelian varieties. 

The following theorem is our main result. 

Theorem 8.3. Let X be an Artin stack of finite presentation over k admitting a stratification by 
global quotients, K G Dj(X,¥g). 

(a) R q (X,K) is a finite- dimensional ¥ \-vector space for all q. Moreover, R*(X,¥i) is a finitely 
generated Fg-algebra and, for K in D b c (X,¥i), R*(X,K) is a finitely generated R*(X,¥i)- 
module. 

(b) If K is a pseudo-ring in Dj(X,¥t), then Kerax.K (|8.1.2[) is a nilpotent ideal of H*(X, K). 
If, moreover, K is commutative and X is a Deligne-Mumford stack with finite inertia or a 
global quotient stack, then ax,K is a uniform F -isomorphism it 6'. y\) . 

For an Artin stack X of finite presentation over k admitting a stratification by global quotients 
and a commutative ring K in D b c (X, ¥ t ), we do not know whether H*(X, K) is a finitely generated 
Ff-algebra or whether ax,K is a uniform ^-isomorphism in general. 

The proof of l8.3l will be given in Section [TUJ In the rest of this section we show that 18. 31 implies 

em 

Construction 8.4. Let G be an algebraic group over k and X an algebraic space over k endowed 
with an action of G (here we don't assume X to be of finite type over k). To show that 8.3 implies 
6.16, we will proceed in two steps. 

(a) For K G D+([X/G],¥g) we will construct a homomorphism 
(8.4.1) a: R*([X/G],K) ^ R* G (X,K), 

which will be a homomorphism of Ff-(pseudo-)algebras if K has a (pseudo-)ring structure, 
and whose composition with a[ X /G]K- H*([X/G\,K) -> R*[X/G], K) will be aa(X,K) 
(IHJ5TH . 

(b) We will show that a is an isomorphism if X is of finite type over k. 
Let us construct a. Recall that 

R q ( [X/G] , K) = Hm H"{S,K X ), 

(x: S^[X/G])eC lx/G] 

and Rq(X, K) = ]pn {AA , g)eAG{k)i H a (X A ' ,R q Tr4l/c g }*K) (I6.15.8|) . We first compare the cat- 
egories Ac{k)^ and C[x/g] by means of a third category Cx.g mapping to them by functors E 
and II: 




The category Cx,g is cofibered over Acik)^ by II. The fiber category of Cx,g at an object (A, A', g) 
of Adk)^ is the category of points P x a> of the fixed point space of A' in X. If (a, b) : (A, A', g) — > 
(Z, Z', h) is a morphism in Acik)^ (cf. (|6.15.2|) ). we define the pushout functor P b -i : P x a< — > Px z ' 
as the functor induced by b^ 1 : X A ' (X^)^ 1 = X^'^ 1 C X z ' . If x: s -l X A ' is a geometric 
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point of X A , let E(a,A' ,g)( x ) '■ \ S /A\ ~ * [X/G] be the ^-elementary point of [X/G] defined by the 
composition 

E {A , A ; g) {x): [s/A] ^ [X A> /A] [X/G]. 

For (x : s — > X A ) G P x a' , (y : t — > X z ) e Px z ' , let u : x — > ?/ be a morphism in Cx.g above 
(a, b) : (A, A', .g) -> (Z, Z', ft). The morphism 

S(A,A', 9 )(a:) -> E(z,z',h)(y) 
is defined as follows. By definition, u is a commutative square 



b- 1 



where the horizontal arrows denote by abuse of notation the morphisms induced by strict localiza- 
tions. It gives the (2-commutative) square on the right of the diagram 



(8.4.3) 



[X A '/A] 



[x/A] 



[X/G] 




[{X A ') [X) /A] 



If/c 



X z /Z] 



whose composition with the 2-morphism (given by b 1 ) in the left triangle of (appearing in (jG.lS.Sp ) 
is the morphism E(u). This defines the functor E in (|8.4.2|) . 

Fix q e Z. Denote by H"(K.) the projective system (£: S -> [X/G]) ^ H*(S, K c )) on C [x/G] , 

whose projective limit is R q {[X/G],K) (15X11 . In other words, R q ([X/G], K) = T(C[x/g], H q (K,)). 
We have an inverse image map 

(8.4.4) r(c^], h"(k.)) -> r(c^, E*H q (K,)) ~ rci^^n^*^^.)). 

By the cofinality lemma 18.51 below, 

(n,£*#9(tf.))(A,A', fl ) ~ hm H q {A,K x ). 

xeP A ' 

By 17.21 (applied to the algebraic space X A ) , we have a natural isomorphism 

Hm H q (A, K x ) ^ H°(X A ' ,R q n t ,([l/c g ]*K)) 
xeP A ' 



where tt: [X a /A] = BA x X -> X A is the projection, and [l/c g ]: [X A /A] -> [X/G] is the 
morphism in (|6.15.3p . Finally, we find a natural isomorphism 

T(A^MKn*E*H q (K.)) ^ Hm H°(X A ',R q ^([l/c g }*K)), 
which, by the definition of R q G (X,K) (I6.15.8p . can be rewritten 



.4.5) 



T(A G (k)^U,E*H q (K.)) ^ R q G (X,K). 



The composition of (|8.4.4|) and (|8.4.5|) yields the desired map a (|8.4.1|) . 

Lemma 8.5. Let II: C — > £ be a cofibered category, e an object of£, IT e be the fiber category of II 
above e. Then the functor F: Tl e — > (II J. e) is cofinal. In particular, for every presheaf J- on C, 
(H^)(e) ^ hm cen ^(c). 
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Proof. For every object (c, /: lie — > e) of (II 1 e), (/*c, c — > /*c) is an initial object of ((c, /) 4- 
F). □ 

Proposition 8.6. We fceep i/ie assumptions of \8.4\ Assume moreover that X is locally of finite 
type over k. Then (|8.4.ip is an isomorphism. 

Corollary 8.7. Theorem \8.3\ (b) implies Theorem \6.1b\ (b). 

Proof of \H.b\ By 17.221 we may assume G smooth. The assertion would follow from the cofinality 
of E. Unfortunately, we do not know whether E is cofinal. To overcome this difficulty we will use a 
variant of (18.4.5(1 depending of extensions of the base field k. Let F be the category of algebraically 
closed fields over k, and let F^ be the associated category fcf. I6.17[) . whose objects are morphisms 
(fci — > fa) in F and morphisms from (fci — > fa) to (k[ — > k' 2 ) are given by commutative squares 

(8.7.1) fa ^fa 



We define a category V and functors 
(8.7.2) 

C[X/G] F* 

as follows. The category T> is cofibered over F^ by <1>. The fiber category of $ at (fa — > fa) is 
the category Cx k ,G k > where X k2 is viewed as a fci-scheme via Spec fa — > Spec fa. The pushout 
functor Cx k G k ~^ &Xu Gi> by a morphism (fci — > fa) — > (k[ — > ho) is induced by the inclusion 

2> 1 fc 2 ' 1 

G(fa) C G(k' 1 ) and the projection X k2 — > Xy . In other words, a morphism u from an object x of 
Cx k .,,G kl above an object (A,A',g) of A(fa)\ i.e. a point x: s — > X k2 , to an object y of Cx k , ,G k , 
above an object (Z,Z',h) of A(k[)\ i.e. a point y: t —> X^, , is the data of a diagram (8.5.1), a 
morphism (a, b) : (A, A', g) -> (Z, Z', h) in Acifa), of the form (|6.15.2|) with a, b 6 G(fcJ), together 
with a commutative diagram 

X k 2 \ X k 2 )(x) 

b- 1 f 

x k 2 ^ ( x 4 W 

Consider the composition 

Ex k 2 - G k 2 

F (ki^k 2 )'- Cx k2 ,G kl -^C Xk2 ,G k2 ~^C [X /G] k2 -+C[X/G], 

where the last functor is induced by the projection [X/G\k 2 [X/G]. For a morphism u: x — > y 
of V above (a, 6): (A,A',g) -> (Z,Z',h) as before, with (A, A', 5) 6 -4(fci) h , (Z,Z',h) E A(k[)\ 
x : s — > X^ 2 , y : t — > X^, , we define 

F(u): F (kl ^ k2) (x) -> F {K ^ 2) (y) 

in C[x/G] m a similar way to above. We thus get the functor F of (|8.7.2[) . and we have an 

inverse image map 

(8.7.3) r(C^5, H«(K.)) T(P, F*H"(K.)) ~ T(^, $*F*H«(K.)), 

similar to (I8.4.4[> . By the cofinality lemma 15751 and (|8.4.5p . we have 

(*.))(*!->*,) ^ r(Cx^ kl ,F* kl ^k 2 )H q (K.)) A R q Gki (X k2 ,K). 
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So we get a composed isomorphism 

rCF\$*F*H«(K.)) ^ km R q Gki (X k2 ,K). 

(fei-s-fe 2 )eJ rl ' 

As fG fc (7To) is invariant up to equivalences under algebraically closed extensions of k (|6.19p . the 
projective system on the right hand side is constant of value R q G (X,K). So finally, we get a 
canonical isomorphism 

(8.7.4) <S>*F*H q (K.)) A R q G (X, K), 

whose composition with (|8.7.3|) is again a (|8.4.ip . Therefore it suffices to show that F is cofinal. 
Let iV be the set of morphisms in T> whose image under F is an isomorphism in Cpf/G]- Then F 
factors through 

F: V := N-'V ^ C [x/G] . 
Bv l7.13l it suffices to show that F is cofinal. For this we have to show (cf. 16. ip : 

(a) For every ^-elementary point £ of [X/G], there exists an object jj, of T> and a morphism 
£ -> F(ji) in C [X /g], 

(b) For any ^-elementary point £ of [X/G], and morphisms £ — > F(/j,), £ — )■ F{y) in C[x/g] with /i 
and v in I?, there exists a chain of morphisms in (£ J, i* 1 ) connecting £ —5- and £ — > F(v). 

For the proof of (a) and (b) it is convenient to use the following notation. For an object 
x: s — > X^ 2 of Cx k2 ,G kl above an object (A, A',g) of Aaiki)^ we will denote the resulting object 
of T> by the notation 

{x,{A,A',g),{k u k 2 )). 

(or (x,(A,A',g),(si,S2)) if si = Specfci, s 2 = Specfc 2 ). For every ^-elementary point £: [S/A] — > 
[X/G], we choose an algebraic closure s of the closed point s of S. A lifting (a: S X, a: S x A — >■ 
G) of £ (|7.18l (c)) induces a homomorphism i: A — » G$ and a rational point x: s — > Xf, which 
define an object 

Ua.a = (X, {A, A, 1), (S, S)) 

of V. The morphism [s/A] — > [S/A] defines a morphism 

(8.7.5) <i a . a : F(w„, a ) 

in C[^/(3]. Now (a) follows from the fact that CT ajCt is invertible in Cjy/gn. 

Let us prove (b). Let [i = (x, (A, A' ,g), (ki,k 2 )) be an object of V, where x: s — > X£ . Then 
x: s — > X^ and A «-» G kl define a lifting (6, fi) of F(fi) : [s/A] — >• [X/G]. We first observe that we 
have a morphism 

m M : [i w b!(3 
in 2? defined by the chain of morphisms in T> 

fi<r- (x,(A,A',g),(k 1 ,k 2 )) A (x,(i,A,l),(fei,fe)) 

«- (x,(A,A,l),(k u k(s))) -> (5, (4,4,1), («,«)) = W6./J, 

where the arrows pointing to the left are in N, and is given by (1,<?): (A, A',g) — > (A, A, 1). 

Moreover, F(m M ): i^(^) — > F{ujb,p) is the morphism cr^ (|8.7.5p . Thus, to prove (b), it suffices 

to show that for every object £ of Cnr/G]> f° r ever y lifting (a, a) of £, and for every morphism 

-i 

/: £ — > F(fj,) in Cyx/G]-, the composition £ — > F(/x) — L - » F(u)b t p) can be connected to cr~^ : £ — > 
F{u)a,u) by a chain of morphisms in (£ 4- This will result from the following more general lifting 
property. □ 
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Lemma 8.8. Let £: [S/A] -»■ [X/G], ry: [T/S] LY/G] &e ^-elementary points of [X/G\. Let 
(a: S* — ^ X, a: Sxi-> G), (6: T — > X, /?: T x _B — > Y") &e liftings of £ and rj, respectively. Then, 
for every morphism /: £ — > »7 in C\x/G\> there exists a morphism u: lu^ — > uj,-, in T> making the 
following diagram commute: 

F(uJ a .a) F(Wb,p) 

Proof. When a morphism u as in the statement of the lemma exists, we say that / can be lifted 
to T> with respect to (a, a) and (b,/3). If /: £ — > rj and g : 77 — ^ C can be lifted with respect to 
chosen liftings of £, rj, and £, then so can gf. Therefore, we may assume that / is in C', x j G y Let 
(a: S -> X,a: 5 x A -> G) (resp. (b: T ^ X, /3: T x B ^ G)) be the chosen liftings of £ (resp. 
77). By 16.191 (c). / is given by a triple ((h,j),r), where (ft.: 5 — >• T, 7 : A — ► B) is an equivariant 
morphism in the category of schemes and r 6 G(S) gives the 2-cell (a, a) (6, /3)(/i, 7). Note 
that yl acts on T via 7: A — > i? and the crossed homomorphism /3 7 : T x A — >• G restricts to a 
homomorphism T -4 x A — > G, corresponding to a morphism, denoted by (3 \ T A , from the (strictly 
local) scheme T A to the scheme Hom(A, G) of group homomorphisms from A to G (Section [5]). 

We will first show that, up to replacing T A by a finite radicial extension, (3 \ T A is conjugate 
by a section of G over T A to a constant map. For this, recall (|5.2p that the orbits of G acting by 
conjugation on Hom(A, G) form a finite cover by open and closed subschemes. Let G C Hom(A, G) 
be the orbit containing the image of /3 I T A . Choose a fc-rational point /3' 6 Hom(A, G)(fc) of G. 
Then the homomorphism g 1— ^ c g (f3') = g~ 1 f3'g from G onto G factors through an isomorphism 

H\G ^ C, 

for a subgroup H of G. Let T" be defined by the cartesian square 

T" H rcd \G 



B\T A 

T — — s-G. 

Since the projection G — > H red \G is smooth, the upper horizontal arrow can be lifted to a morphism 
g:T'^G. We let tt denote the morphism V -> T. Then c s -i (/3(tt x 7)) : T' -> Hom(A, G) is the 
constant map of value (3'. 

Let s be an algebraic closure of the closed point s of S, e : s — > S. The morphism 

/ = {[hhlr): ([S/A], [a/a]) ([T/B], [6//3]) 

in C[x/G] can be decomposed into the following chain of morphisms in Cpf/G] 

([S/A],[a/a})A([s/A],[ae/ae}) 

A ([T' /A], [&7T//3']) ^> ([T'/A], [67r//3(7r x 7)]) ^> ([T/A], [6//3 7 ]) ^> ([T/S], [&//?]), 

where /1 = ([e/id A ],l) belongs to AT [A y G] , / 2 = ([e'/id^], r'), / 3 = (id, 5), / 4 = ([tt/kLa], 1), 
/s = ([idr/7], !)■ Here e': s -J- T' is the lifting of he: s ^ T, r' = (re)( 5 e') _1 £ G(s). Therefore, 
it suffices to show that /j, 1 < i < 5 can be lifted to V with respect to the liftings (a, a), (ae, ae), 
(bn,(3'), (bn 7 (3(TT x 7)), (b,(3j), and (6, /3). This is trivial for fi and /4. Let £ be an algebraic 
closure of the closed point of T', 8: i —>T'. Then / 2 can be lifted to the morphism in V given by 
the chain of morphisms in T> 

(ae, (ae, ae, 1), (s, s)) A (aer , (13', /3' , 1), (s, s)) 

<- (aer', (k, k(s))) -> (aer', (k, k)) ^ ((birg-^S, (k, k)) 
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where we omitted (/?',/?', 1) on the second and the third lines, <f> is given by the isomorphism 

((id A , r'), (i(U, (r'r 1 )) ■ {{A, ae), (A, ae), (id a, 1)) -> ((-A, /?), (A, /?'), (i<U, 1)) 
in - Ag(s)'I, and ?/> is given by the morphism of geometric points of ^ induced by the diagram 

8 ^— s- T' -<— ^ i 

X >7r 9 - 1 )<5 

in 'P^ :/3 , (A) . Moreover, /3 can be lifted to the isomorphism in T> 

((bng-^S, (/3',/3', 1), (t,t)) -> (fori, (/3(tt<S x 7 ),/?(tt ( 5 x 7 ),1), (t,i)) 
above the isomorphism 

((id A , ff< 5), (id A , (gS)- 1 )) : ((A, /?'), (A /?'), (icU, 1)) ((A, x 7 )), (A, (3(*6 x 7 )), (id A , 1)) 
in Ag (i)*. Finally, /s can be lifted to the morphism in T> given by the chain of morphisms in T> 

(b*8, (/3(*8 x 7 ), (3{*5 x 7 ), 1), (i, t)) <- (b*5, (p(*6 x 7 ), 0*8, 1), (*, t)) 

-> (&7T«y, (/37T<5, /37T(5, 1), (*,*)) 

above the chain of morphisms 

((A, /3(7T<5 x 7 )), (A, 0(*8 x 7 )), (id A) 1)) ( ((idAa) ' (7 - 1}) ((A, /}(7t<5 x 7 )), (B, (3*6), ( 7 , 1)) 

((7a),(idB,1)) ) ((B, 0*6), (B, 0*6), (id B , 1)) 



in A G {tf. □ 

9 Kiinneth formulas 

The main results of this section are the Kiinneth formulas of 19.51 and I9.tj| We could hope for more 
general formulas involving derived categories of modules over derived rings. We will not tackle 
this question. Instead, we use an elementary approach, based on module structures on spectral 
sequences, described in l9.ll and l9.2l 

Construction 9.1. Let (C, T) be an additive category with translation. For objects M and N in C, 
the extended homomorphism group is the graded abelian group Hom*(M, N) with Hom™(M, N) — 
Hom(M, T n N). The extended endomorphism ring End*(M) = Hom*(M, M) is a graded ring and 
Horn* (M, N) is a (End*(7V), End*(M))-bimodule. Let A* be a graded ring. A left ^*-module 
structure on an object M of C is by definition a homomorphism A a/ : A* — > End*(M) of graded 
rings. More precisely, such a structure is given by morphisms A a : M — > T n M , a G A n , n G Z such 
that A a+ t = A a + Ab for a, b 6 A n and the diagram 

M ^ T n M 




commutes for a G A' n , b G A n . A morphism M — > M' in C, with M and M' endowed with 
A*-module structures, is said to preserve the A*-module structures if it commutes with all A a , 
a G A n , n G Z. Let B* be a graded right A*-module. A morphism B* ® A * M — > N is by definition 
a homomorphism B* ®a* End*(M) — > Horn* (M,N). More precisely, it is given by a family of 
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morphisms f b : M -> T n N, b G B n , n G Z in C such that / 6+c = f b + f c for 6, c G 5" and the 
diagram 

M ^ T m M 




rpm+njy 



commutes for a G A m , b G B n . We thus get a functor £?* ® A * M: N \-> Hom(5* ®a* M, N) from C 
to the category of abelian groups, in a contravariant way on M. In the category of graded abclian 
groups with translation given by shifting, the notion of left j4*-module coincides with the usual 
notion of graded left A*-module and B* Cg)^* M is represented by the usual tensor product. Let 
F: (C,T) -4 (C',T) be a functor of additive categories with translation 23, 10.1.1 (ii)]. A left A*- 
module structure on M induces a left ^4*-module structure on FM and a morphism B* ®a* M —¥ N 
induces a morphism B* i&a* FM — > FN. 

Let V be a triangulated category, A be an abelian category. We consider the additive categories 
of spectral objects SpOb(2?), Sp0b(7l) of type Z 39, II 4.1.2, 4.1.4, 4.1.6]. Here Z is the category 
associated to the ordered set ZU{±oo}. For m G Z, (X, (5) G SpOb(2>), (H, 5) G SpOb(.4), we put 

(X,*)[m] = (Jr[m],(-ir*[m]), (F",5") n [m] - (ff n+m , (-l) m <J n+m ) n . 

For a G Z U {oo}, let SpSeq a („4) be the category of spectral sequences E a =4> H in .4.. We define 

(E™ H n )[m] = (E%> q+m H n+m ) 

by multiplying all d r by (—1)™. We endow SpOb(2?), SpOb(^4) and SpSeq a (.4) with the translation 
functor [1]. The resulting categories with translation are covariant in V and A for exact functors. If 
H : T> — > A is a cohomological functor, the induced functor SpOb(2?) — > SpOb(„4) commutes with 
translation. For b> a, the restriction functor SpSeq a („4) — > SpSeq & (.A) commutes with translation. 
Using the notation of [3H II (4.3.3.2)], we obtain a functor SpOb(^4) — > SpSeq 2 („4), which also 
commutes with translation. A left A*-module structure on an object of SpSeq a (.A) induces left 
A*-module structures on H* and E* q for all q G Z and r G [a, oo]. If we put G q H" = F n ~ q H n , so 
that the abutment is of the form E*g — > gvfH p+q , then G q preserves the A*-module structure. The 
differentials d* q : E* q -> E* +r > 9 ~ r+1 and the abutment E^ grfH* are A*-linear. A morphism 
B* ®a* (E a H) -»■ => £T) induces morphisms on E* q , H*, G q H*, gvfH*, compatible with 
d r , abutment, the projection G q — > gr^ and the inclusions G q -\H* — > G q H* H* . 

Lemma 9.2. Let a G ZU{oo}, (E a => H) and (E' a => H') be biregular spectral sequences of abelian 
groups such that E a is concentrated on a translate of the right half plane and (E a =>• H) is endowed 
with a left A* -module structure. Let B* (&a* {E a =>■ H) — > (E' a H') be a morphism such that 
the homomorphism B* (&a* E£% — > E'^ is an isomorphism for all q. Then the homomorphism 
B* ®a* H* — > H 1 is an isomorphism. 

Proof. Since the abutments are isomorphisms by biregularity, the morphism 

B* ® A * g^H* -> gif H 1 * 

is an isomorphism. Then, since G q H* = G q H'* = for q small enough, one shows by induction 
that the morphism of exact sequences 

B* ® A * G q -!H* B* ® A , G q H* B* ® A , grfH* 

^ G q -iH'* ^ G q H'* >■ grfH'* 

is an isomorphism. Then we apply the fact that lim z G q H* = H*, lirr^ gz G q H'* = H'* and that 
tensor product commutes with direct limit. □ 
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Construction 9.3. Let 




be a 2-commutative square of commutatively ringed topoi, K £ D(Oy>), L £ D(Ox)- An element 
s £ H m (Y' , K) corresponds to a morphism Oy — > K[m) in D(Oy), and an element t £ H n (X, L) 
corresponds to a morphism Ox — > L[n] in D{Ox)- Then 



Lf*s< 



, Lh*t: O x > -> Lf'*K® L , Lh*L 



is a morphism in D{Ox')- This defines a graded map 

H*(Y',K) x H*(X,L) -> H*(X',Lf'*K ®% x , Lh*L) 
which is H*(Y, 0y)-bilinear, hence induces a homomorphism 
(9.3.1) H*{Y',K) ® H * {Y ,o Y ) H*{X,L) -> H*{X' , Lf'*K ®o x , Lh*L), 

which is a homomorphism of (H*(Y', Oy), H*(X, Ox))-bimodules. 

Construction 9.4. Let /: X — > Y be a morphism of commutatively ringed topoi, let L £ D(Oy), 
K £ D{Ox)- We consider the second spectral object (L,S) associated to L [33 HI 4.3.1, 4.3.4], 
with L(p,q) = T^' q ~^L. For s £ H n (Y,0 Y ) corresponding to Oy -> 0y[n], s - induces a 
morphism of spectral objects (L, S) — > (L, S)[n). This endows (L, 8) with a structure of H*(Y, Oy)- 
module (|9.1|) . For t £ H n (X,K) corresponding to Ox — > K[n], t ®q x — induces a morphism of 
spectral objects Lf*(L, S) — » K Lf*(L, 8)[n]. This defines a morphism 

H*(X, K) ® H * { y,o y ) Lf*(L, 5) -> X ® L 0x Lf*(L, S). 
Applying and composing with the adjunction id^vejy) — ^ Rf*Lf* , we get a morphism 

iT (X, K) ® h -(y,o y ) (L, 8) Lf*(L, 6)). 

Further applying the cohomological functor H°(Y, — ), we obtain a morphism 

H*(X,K) ® H , {Y ,o Y ) (E 2 ^H)^ (E' 2 ff'), 
where the two spectral sequences are 

= H p (Y,H q L) H p+q (Y : L), 



(9.4.1) 
(9.4.2) 



E'f = H P {X, K ®^ x LfWL) => H p+q (X, K Lf*L). 



By construction, the induced morphisms on E^ 1 and on H* coincide with (|9.3.1|) for h = idx, 
a = idy- 

The results of 19.31 and 19 . 41 have obvious analogues for Artin stacks and complexes in D cart (— , A), 
where A is a commutative ring. 

Proposition 9.5. Let I be a prime number. Let 




be a 2-commutative square of Artin stacks with y and y' quasi-compact and quasi- separated, K £ 
(y' ,¥i) with H q K locally constant for all q, and L £ D^ &Ti (X , F 'g) . Suppose that 



GO 



(i) the Leray spectral sequence for (f,L) 

(9.5.1) = H p (y, R q f*L) H p+q (X, L) 

degenerates at E2, 

(ii) For every q, R q f st L is a constant constructible ¥ ^-module on y , 

(Hi) The base change morphism b: g*Rf*L — > Rf'Ji*L is an isomorphism. 
Then the spectral sequence ( of type (|9.4.2|) ) 

(9.5.2) E pq = H p {y', K ® R q flh*L) H p+q (y', K ® Rfih*L) 
degenerates at E2 and the homomorphism (|9.3.1D 

(9.5.3) H*(y', K) ® H *(yj t ) H*(X, L) -> H*(X', f'*K ® h*L) 
is an isomorphism. 

Proof. Take any geometric point t — > y' . Since R q f*L is constant of value (R q f*L) t and y is 
quasi-compact and quasi-separated, the i?2-term of ([9.5. 1[) is 

E pq = H p {y,R q f Sf L) ~ W(y,Wt) ® (R q f*L) t . 

By base change, (|9.5.2[l is isomorphic to 

(9.5.4) E'f = H p {y', K ® g*R q f*L) =► H p+q {y', K ® g*Rf*L). 

As y' is quasi-separated and quasi-compact, E' pq — H p (y', K) ® (R q f*L) t . Thus the morphism 

is an isomorphism. II then follows from (i) and 19.21 that (|9.5.4[) degenerates at E 2 and the homo- 
morphism 

(9.5.5) H*(y\ K) ®H'{y^) H*(X, L) H*(y', K ® g*Rf*L) 

is an isomorphism. Thus (|9.5.2p degenerates at E2 and (|9.5.3[) is an isomorphism since it is the 
composition of (|9.5.5|) with the morphism induced by the composition 

K ® g*Rf*L K ® Rfih*L A- Rfi(f'*K ® h*L), 

where the second isomorphism is projection formula (|2.1UJ) . □ 
In the rest of this section, let k be a separably closed field of characteristic ^ I. 

Proposition 9.6. Let G be a connected algebraic group over k, X be an algebraic space of finite 
presentation over k endowed with an action of G. Let 

X 1 [X/G] 

f f 

y — bg 

be a 2-cartesian square of Artin stacks of finite type over k, where f is the canonical projection, 
K G Dj(y',Wi). Suppose that the map e: H*([X/G]) — > H*(X) induced by the projection X — > 
[X/G] is surjective. Then H*([X/G]) is a finitely generated free H*(BG)-module, the spectral 
sequence 

E pq = H p (y', K ® B*f' m ¥ t ) H p+q (y', K ® Rfi¥ e ) 
degenerates at E2, and the map 

H*(y', K) %. (BG) H*([X/G]) H*(X', f'*K) 

is an isomorphism. 
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Proof. By 12.71 and 12. 121 conditions (ii) and (iii) of 19.51 are satisfied. The Leray spectral sequence 
for / is 

(9.6.1) E v 2 q = H P (BG, R q f*F e ) =*> H p+q {[X/G}). 

Since R q f*¥ e is constant of value H q (X), we have E% q ~ HP(BG) ® As e is an edge 

homomorphism for (|9.6.ip . its surjectivity implies d® q — for all r > 2. It then follows from the 
H* (BG)-module structure of (|9.6.ip that it degenerates at E^. Therefore, it suffices to apply 1531 
and the fact that H*(X) is a finite-dimensional vector space. □ 

Proposition 9.7. Let G = GL ni /-, T be a maximal torus of G, A — Ker(— 1 : T — > T). TTien the 
map H*(BA,¥g) —> H*(G/A,Wg) induced by the projection G/A — > BA is surjective. 

Proof. Let us recall the proof on [311 p. 566]. Consider the following diagram with 2-cartesian 
squares (jl.lUJ) : 

G/A *- G/T ^ Spec k 



BA ^ BT EG. 

Note that the arrow BA — > BT can be identified as the composition BA — > [X/T] — > BT, where 
X = A\T, and the first morphism is an isomorphism bv ll.141 The map H*(BA) — > H*(X) induced 
by the projection 7r : X — A\T — ¥ BA is surjective because X ~ T and using Kiinneth formula 
this reduces to the case where T has dimension 1, which follows from 19.81 below. Note that 7r can 
be identified with the composition X -> [X/T] ~ BA. Thus, by H applied to /: [X/T] -)■ BT, 
the map 

H* (G/T) ® B . {BT) H* (BA) -> H* (G/A) 

is an isomorphism. We conclude by applying the fact that H*(BT) — > H*(G/T) is surjective (14.41 
(a)). □ 

Lemma 9.8. Let A be an elementary abelian l-group, X be a connected algebraic space endowed 
with an A-action such that X is the maximal connected Galois etale cover of [X/A] whose group 
is an elementary abelian l-group. Then the homomorphism 

(9.8.1) H x (BA,¥ t ) -)• H\[X/A],¥ t ) 

induced by the projection [X/A] — > BA is an isomorphism. 

Proof. For any connected Deligne-Mumford stack X, _ff 1 (<Y,F£) is canonically identified with 
Hom(7ri(A'),F^), and (|9.8.ip is induced by the morphism 

7Tl{[X/A]) -4 7Tl(BA) ~ A. 

The assumption means that A is the maximal elementary abelian ^-quotient of 7Ti([X/yl]). □ 

Proposition 9.9. Let X be an abelian variety over k, A = X[£] = Ker(^: X —> X). Then the 
map H*(BA,¥g) — > H*(X/A,¥() induced by the projection X/A — > BA is surjective. 

Proof. We apply l9~81 to the morphism I: X — > X, which identifies the target with X/A. By Serre- 
Lang's theorem |41l XI 2.1], this morphism is the maximal etale Galois cover of X by an elementary 
abelian £-group. Thus H 1 (BA) — > H 1 (X/A) is an isomorphism. It then suffices to apply the fact 
that H*(X/A) is the exterior algebra of H 1 (X/A). □ 



10 Proof of the structure theorem 

We proceed in several steps: 

(1) We first prove ISUl (b) when X is a Deligne-Mumford stack with finite inertia, and whose 
inertia groups are elementary abelian I- groups. 
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(2) We prove [O] (b) for X a quotient stack [X/G]. 

(3) For certain quotient stacks [X/G\ we establish estimates for the powers of F annihilating the 
kernel and the cokernel of ac(X, K) (|6.15.9j) . 

(4) Using (3), we prove [5TH1 (b) for Deligne-Mumford stacks with finite inertia. 

(5) We prove 15731 fa) and the first assertion of (b) for Artin stacks admitting a stratification by 
global quotients. 

Construction 10.1. Let /: X — > Y be a morphism of commutatively ringed topoi such that 
lOy = 0, K G D{Ox)- The Leray spectral sequence of /, 

Ef = H'foWftK) =► H i+j {X,K), 

gives rise to an edge homomorphism 

(10.1.1) e hK : H*{X,K) -> H°(Y,R*f*K), 

which is a homomorphism of F£-(pseudo-)algebras if K G D(Ox) is a (pseudo-)ring. The following 
crucial lemma is similar to Quillen's result [3T] 3.2]. 

Lemma 10.2. Let K be a pseudo-ring in D(Ox)- Assume thatc — cd(Y") < oo. Then (Kere/.i<-) c+1 
0. Moreover, if K is commutative, then ef.K is a uniform F -isomorphism; more precisely, for 
b G E 2 '* , we have b e G Ime/^, where n — max{c — 1,0}. 

Proof. We imitate the proof of [31] 3.2] (for the case of finite cohomological dimension). We have 
E % 2 = for i > c. Consider the multiplicative structure on the spectral sequence (Example 13. 15|) . 
As Kere/jf = F 1 H*(X,K), where F m denotes the filtration on the abutment, (Kere/ i ^) c+1 C 
F C+1 H*(X,K) = 0. If K is commutative and b G E°<*, then the formula d r (b e ) = tb^d/ib) = 

implies that b e G E°'* v Thus for b G E°'* , b e "' G E°'* c , = E^* = hae f>K . □ 

Construction 10.3. Let X be a Deligne-Mumford stack of finite presentation and finite inertia 
over k. By Keel-Mori's theorem [21] (see [35] 6.12] for a generalization), there exists a coarse 
moduli space morphism 

f:X->Y, 

which is proper and quasi- finite. Let K G D^ rt (X,¥ i ). Then [TOU and Q3J7J apply to / and K with 
cd e (Y) < 2dim(F). 

For any geometric point t of Y , consider the following diagram of Artin stacks with 2-cartesian 
squares: 

X t >■ A"( t ) X 



t — — -y. 

We have canonical isomorphisms 

(10.3.1) {R q f*K) t ^H«(X {t) ,K) ^H%X U K), 

the second one by the proper base change theorem 9.14]. Therefore, if we let Py denote the 
category of geometric points of Y (|7.ip , the second map in the sequence 

(10.3.2) H°(Y, R q f*K) -> Hm H"{X {t) ,K) ^ fim h"(X t ,K), 

teP Y teP Y 

is an isomorphism, and the first one is an isomorphism if K G D+(X,¥e), by (|7.2.ip . On the other 
hand, recall (|8.1.ip that 

R q (X, K) = fim H«(S, K x ) = T{Cx, H«(K.)), 
(x-. s^x)ec x 
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where H q (K,) denotes the presheaf on Cx whose value at x is H q (S, K x ) = (s being the closed 
point of S). We define a category Cf and functors 




Cx 



Py 



as follows. The category Cf is cofibered over Py by ip. The fiber category of ip at a geometric 
point t — ¥ Y is Cx M ■ The pushout functor Cx, n ~~ ^ Cx< , for a morphism of geometric points 
is induced by the morphism X^ — > X^ (|7.22p . The functors ipt'. Cx (t) — > Cx induced by the 
morphisms Xn\ —¥ X define ip. Thus we have an inverse image map 



(10.3.3) 

Bv l8.5l we have 



<p* : R q {X, K) -> T(C f , p*H q (K.)). 
^<p*H q (K.) ~ r(Cx^,tfH q (K.)). 



Thus we have 
(10.3.4) 



r{C f) <p*H*{K m ))~r(Py,1;.<p*H*(K m )) ^ hm lim H q {S,K x ) 

teP Y (x: s^x (t) )ec X(t) 



Proposition 10.4. 

(a) The diagram 

H q (X,K) 



"S.K 



H°(Y, R q f*K) 



GOD 



-teP Y 



H q {X {t) ,K) 



lim a% 



JF ( *, x) _^ rfo <p-2P(tf.)) ™ Hep, ^(.: a^ w)e c^ miS > 
commutes. 

(b) ip* is an isomorphism. 

(c) Consider the commutative square 



H q {X {t) ,K) 



H q (X u K) 



"X t ,K 



h4n 



defined by the functor I : Cx t — > Cx [t) induced by the inclusion X t — > Xf, in which the upper 
horizontal map is the second isomorphism of (|10.3.1[) . The map i* is an isomorphism. 

Proof. Assertion (a) follows from the definitions. For (b) it suffices to show that <p is cofinal. Let 
r: Cx — > Cf be the functor carrying an ^-elementary point x: [S/A] — > X, with s the closed point 
of S, to the induced ^-elementary point t(x): [S/A] — > Xrf^y Then we have tpr ~ idc^-, and 
a canonical natural transformation Tip =>■ idc/j carrying an object £: [S/A] — > X/ t \ of Cf to the 
cocartesian morphism t</>(£) — > £ in Cf above the morphism f(s) — > t in Py. These exhibit r as a 
left adjoint to ip. Therefore, by Lemma \1 . 5 1 below . ip is cofinal. For (c), it suffices again to show 
that i is cofinal. Let X — > Xu\ be an etale presentation. As / is quasi-finite, up to replacing X by 
a connected component, we may assume that X is a strictly local scheme, finite over Y^y Then 
X( t ) ~ [X/G], where G = Aut* (t) (a?), x is the closed point of X. Let £: [S/A] -> [X/G] be an 
^-elementary point of [X/G]. The ^-elementary point [x/A] — > A" t , endowed with the morphism in 
C\x/G] given by the diagram 

[S/A] -> [A/A] <- [x/A] 



C 



[X/G] 



defines an initial object of (£ 1 1). Therefore, t is cofinal. 



□ 
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Lemma 10.5. Let G: A —¥ B be a functor. If G has a left adjoint, then G is cofinal. 

Proof. Let F : B — > A be a left adjoint to G. Then, for every object b of B, (Fb, b — > GFb) is a 
final object of (6 ! G). □ 

Corollary 10.6. Assertion I #.31 (b) holds if X is a Deligne-Mumford stack with finite inertia, 
whose inertia groups are elementary abelian i-groups. More precisely, if c = cA((Y), where Y is 
the coarse moduli space of X , then (Ker clx,k ) c+1 — and for K commutative and b € E 2 '* , we 
have b e € Imax,K, where n — max{c — 1,0}. 

Proof. It suffices to show that, for all t G Py, 

a q Xt K : H"(Xt,K) -> lim H q (S,K x ) 
(x-. s^x t )ec Xt 

is an isomorphism. Indeed, bv ll(J.4l (c) this will imply that the right vertical arrow in the diagram 
of 110.41 (a) is an isomorphism. As (|lU.3.2p is an isomorphism, (p* is an isomorphism l|10.4l (b)). and 
&f,K = ©e? K has nilpotent kernel and, if K is commutative, is an ^-isomorphism (|I0.2[) . it will 
follow that ax,K = ®a q x K has the same properties with the same bounds for the exponents. As 
/ : X — ¥ Y is a coarse moduli space morphism, there exists a finite radicial extension t' — > t and 
a geometric point y' of X above t' such that Xf, T ed ~> BAutx(y')- Therefore we are reduced to 
showing that ax,K is an isomorphism for X — BAk, where A is an elementary abelian ^-group. 
In this case, idBA k '■ BAk — > BAk is a final object of CsA k , so we can identify R q {BAk,K) with 
H q (BAk, K), and a q BA K is the identity. □ 

Corollary 10.7. Suppose X is a global quotient stack [X/G] f8.2jl . where the action of G on X 
satisfies the following two properties: 

(a) The morphism 7: G x X — > X x X, (g,x) 1— > (x,xg) is finite and unramified. 

(b) All the inertia groups of G are elementary abelian l-groups. 
Then the assertions of 1 10. 61 hold. 

Proof. As 7 in (a) can be identified with the morphism X X\x/g] X — > X x X, which is the pull- 
back of the diagonal morphism A [x/G] : [X/G] [X/G] x [X/G] by X x X -4 [X/G] x [X/G], 
(a) implies that A is finite and unramified. In particular, [X/G] is a Deligne-Mumford stack. 
Moreover, as the pull-back I(G, X) — > X of the inertia stack to X is the pull-back of 7 by the 
diagonal Ax : X — > X x X, [X/G] has finite inertia. Taking (b) into account, we see that [X/G] 
satisfies the assumptions of 110.61 and therefore 18.31 (b) holds for [X/G]. □ 

Proposition 10.8. Assertion \H. J\ (b) for global quotient stacks [X/G] IM.tyj follows from \8.3[ (b) 

for G linear. 

Proof. Consider the system of subgroups Gj = L ■ A[ml l ] ■ F of G = L ■ A ■ F as in the proof of 
14.61 (with A = and n = £), where m is the order of G. Note that every elementary abelian £- 
subgroup of A- F is contained in A[m£] - F. As a consequence, every elementary abelian ^-subgroup 
of G is contained in Gi , so that the restriction map Rq (X, K) — > . (X, K) is an isomorphism 
for i > 1. Consider the commutative diagram 

H* ( [X/G] , K) H* ( [X/Gu] , K) H* ( [X/G 2d ] , K) 



a G {X,K) 



a G2d (X,K) 



R* G (X, K) ^ R* Gid (X, K) ^ R* G2d (X, K), 

where d = dim A. Bv l4.9l H* ([X/G], K) is the image of a. Thus it suffices to show that ac 2d (X, K) 
has nilpotent kernel and aa^X, K) is a uniform F-surjection. □ 

Proposition 10.9. Assertion \8.8\ (b) holds for global quotient stacks of the form [X/G], where G 
is either a linear algebraic group, or an abelian variety. 
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Proof. Though by 110.81 it would suffice to treat the case where G is linear, we prefer to treat both 
cases simultaneously, in order to later get better bounds for the power of F annihilating the kernel 
and the cokernel of the map ax,K (|1U. 10|) ■ We follow closely the arguments of Quillcn for the proof 
of [3TJ 6.2]. If G is linear, choose an embedding of G into a linear group L = GL„ over k [TT1 II 
2.3.4], a maximal torus T of L. If G is an abelian variety, let L = T = G. In both cases, denote 
by S the kernel of £: T — » T, which is an elementary abelian ^-group of order n. We let L act on 
F = S\L by right multiplication. If g £ L(k), and if {S} denotes the rational point of F defined 
by the coset S, the inertia group of L at {S}g is g~ x Sg. Let us show that the diagonal action of 
G on X x F (resp. X x F x F) satisfies assumptions (a) and (b) of 110.71 It suffices to show this 
for X x F. Consider the commutative square 

L x L — ^->- L x L 



F x L 



F x F 



where the horizontal morphisms are the morphisms 7 : (x, g) > (x, xg). As the vertical morphisms 
are finite and surjective, so is the lower horizontal morphism. Moreover, the latter is unramified. 
Hence the morphism 7 : F x G ^ F x F is finite and unramified. The same holds for the morphism 
7: (X x F) x G — > (X x F) x (X x F), (as, y,g) i-> (x,y,xg,yg), because it is the composite 
X x F x G — >XxXxFxG— >XxFxXxF, where the first morphism (x, y, g) h-> (x, xg, y, g) 
is a closed immersion and the second morphism (x, x', y, g) H- (x,y,x' ,yg) is a base change of 
F x G — > F x F. So (a) is satisfied for X x F. Moreover, the inertia groups of G on X x F are 
conjugate in L to subgroups of S, so (b) is satisfied for X x F. 

As in [31, 6.2], consider the following commutative diagram 
(10.9.1) 



H*([X/G],K) 

a G (X.K) 



■H*([X x F/G 



a G (XxF,[p ri /id G ]*K) 

R* G (X xF,\pr 1 /id G ]*K)^= 



H*{[X x F x F/GU Wl /iA G ]*K) 

a G (XxFxF,[ pri /id G ]*Jf) 

XR* G {X x F x F,{ Wl /i& G ]*K), 



in which the double horizontal arrows are defined by pr 12 andpr 13 . Bv ll0.7l a G (XxF, [pi 1 /id G ]* K) 
and a G {X x F x F, [pr x / id G ]* K) have nilpotent kernels and are uniform i^-surjections. To show 
that a G (X, K) has the same properties it thus suffices to show that the rows of (|10.9.1|) are exact. 

First consider the lower row. The component of degree q is isomorphic by (|6.15.8p to the 
projective limit for (A, A', g) G A G (kp of 



(10.9.2) T(X A ,R q ir*r*K) -> T(X A ' x F A \R q -K te r*[ Wl /iA G \* K) 



?A' 



T(X A ' x F A x F A \R q -K*r*[ Wl /id G ]*K), 



?A' 



where we have put r := [l/c g ]. In order to identify the second and third terms of (|10.9.2p . consider 
the following commutative diagram, where the middle and right squares are cartesian: 



[X x F/G] 

[pri/ id G] 

[X/G] 



BA x X A ' x F A ' X A ' x F A ' 



idx pri 



BA x X 



A' 



F A ' 



■X 



A' 



Spec k 



We have (by base change for the middle square) 

#%*r* [pr^idc]*^ ^> i?%»(id x Wl )*r*K ^ pr^%,(r*K). 
By the Kiinneth formula for the right square, we have 



T(X A ' x F A , prlR q TT*r*K) ^ T(X A , R q ir*r*K) ® T(F A , ¥ e ) 



?A' 



A' 
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Therefore we get a canonical isomorphism 

T(X A ' x F A ' ,R q Tr*r*[ Wl /id G ]*K) A T(X A ' , R q n,r*K) <g> T(F A ' , F t ). 

We have a similar identification for X A x F A x F A , and these identifications produce an isomor- 
phism between (|10.9.2|1 and the tensor product of T(X A , R q n*r*K) with 

(10.9.3) r(Specfc,F f ) -> T(F A ' ,F e ) =4 F(F A ' x F A ',F f ). 

As £ p and A' is an elementary abelian ^-subgroup of G, A' is conjugate in L to a subgroup of S, 
hence ^ 0. It follows that (|10.9.3p . (|10.9.2j) and hence the lower row of (|10.9.ip are exact. 

In order to prove the exactness of the upper row of (|10.9.ip , consider the square of Artin stacks 
with representable morphisms, 

(10.9.4) [(YxF)/G] [Y/ G] 

[F/L] BL, 

where Y is an algebraic space of finite type over k endowed with an action of G, the horizontal 
morphisms are induced by projection from F and the vertical morphisms are induced by the 
imbedding G -4 L. The square is 2-cartesian by [TTUl and BS ~ [{S\L)/L} = [F/L]. ByMMMJi 
and 19.91 H*([F/L]) is a finitely generated free H * (-BL)-module and the homomorphism 

H*([Y/G],K) ® h *(bl) H*([F/L]) -> H*([Y x F/G], [pr x /id G ]*K) 

defined by (|10.9.4p is an isomorphism. Applying the above to Y — X and Y = X x F, we obtain 
an identification of the upper row of (|10.9.ip with the sequence 

H*([Y/G],K) -> H*([Y/G],K) ® H , {BL) H*([F/L]) 

=4 H*([Y/G],K) ® H '(BL) H*([F/L]) %, (B£) H*([F/L]), 

which is exact by the usual argument of faithfully flat descent. □ 

Corollary 10.10. Let X be a global quotient stack [X/G], and assume that either (a) G is embedded 
in L — GL„, n > 1, or (b) G is an abelian variety. Let K 6 D^([X/G],Fi) be a pseudo-ring. Let 
d = dimA. Ln case (a), let e = dimL/G, f = 2dimL — dimG. Ln case (b), let e = 0, / = dimG. 
Then 

(i) (Kera G (A, K)) m = 0, where m = 2d + 2e + 1, 

(ii) for K commutative and y E R G (X, K), we have y 6 Imac(A, K) for N > max{2<i-|- 2e — 
l,0} + bg i (2d + 2/ + l). 

Proof. As in the proof of HUH let F = S\L. We have cdf>((X x F)/G) < 2dim((X x F)/G) = 
2d+2e. As all inertia groups of G acting onlxF are elementary abelian ^-groups, bv ll0.7l we have 
(Kera G (Ax J F,pr|A)) m = 0, hence (i) by (|10.9.ip . For (ii), set a G (X, K) = a , a G (X x F, pr^ K) = 
a x , a G (XxFxF,prlK) = a 2 . Denote by u : H*([X/G],K) -> H*([XxF/G], [pr 1 /id G ]*K) (resp. 
v : R* G (X,K) -> R G (X x F, [pr 1 /id G ]* K)) the left horizontal map in (|10.9.ip . and u\ = d Q - 
dx: H*([X x F/G],[pr 1 /id G ]*K) -> H*([X x F x F/G], [prjida]* K) (resp. «x =d -d 1 : R* G (X x 
F,[pv 1 /\d G ]*K) -> R* G (X x F x F,pr*K)), the map deduced from the double map (d ,dx) in 
(|10.9.ip . As do and dx are compatible with raising to the i-th power, so is ux (resp. Let N\ = 
max{2d+2e-l,0}. By[TTr7]we have v Q ( y y Nl = ax(xx) for some x x <E H*([X xF/G],[pr 1 /id G ]*K). 
By (|10.9.ip we have a,2Ux(xx) = Vxdx(xx) = 0. Let h be the least integer > log^(2d + 2/ + 1). As 
above we have cd £ ((A x F x F )/G) < 2d + 2f, so bv [m71 we get ux(xx) lh = 0, hence by (|10.9.ip 
%x — u o( x o) for some x e H*([X/G],K), and finally y lNl+h = a (x ). □ 

Remark 10.11. 
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(a) If in case (a) of 110.101 we assume moreover that X is affine, then cd^((X x F)/G) < d + e 
and cd t ((X x F x F)/G) < d + f by the affine Lefschetz theorem g3] XIV 3.2]. Thus in this 
case (i) holds for m = d + e + 1 and (ii) holds for N > max{d + e — 1, 0} + log £ (rf + / + 1). 

(b) Let / : y —> X be a finite etale morphism of Artin stacks of constant degree d. As the 

composite H*(X, K) A H*(y, f*K) ^ H*(X, K) is multiplication by d, f* is injective 
if d is prime to t. Thus, in this case, if Ker ay j*k is a nilpotent ideal, then Ker ax,K is 
a nilpotent ideal with the same bound for the exponent. This applies in particular to the 
morphism [X/H] — > [X/G], where H < G is an open subgroup of index prime to i. 

Proposition 10.12. Assertion \8.3\ (b) holds if X is a Deligne-Mumford stack of finite inertia. 
More precisely, if c = cd£(Y), where Y is the coarse moduli space of X, and if e (resp. d) is the 
maximal number of elements of the inertia groups (resp. i-Sylow subgroups of the inertia groups) 
of X , then (Ker a(X , K)Y c+1 ^ d = 0, and for K commutative and b G R*(X, K), we have b e G 
lma(X, K) for N > max{c -1,0} + max{e - 2, 0} + log £ (d(2e - 1)). 

Proof. Consider the coarse moduli space morphism /: X — >• Y. For every geometric point t of Y, 
there exists a finite radicial extension t' — >• t and a geometric point y' of X above t' such that 
^t'.red — > BAutx{y')- Note that for any field E, a finite group G of order m can be embedded 
into GL m (E), given for example by the regular representation E[G] of G. Moreover, if m ^ 
2 or the characteristic of E is not 2, then G can be embedded into GL m -\(E), because the 
subrepresentation of E[G] generated by g — h, where g,h G G, is faithful. Thus, by 110.111 the 
map ax t ,K in 110.41 (c) satisfies (Ker ax t ,K) d = 0, and, for K commutative, ax t ,K is a uniform 
F-surjection for all geometric points t — > Y with bound for the exponent given by max{e — 2,0} + 
[log^(2e — 1)], independent of t. Here \x\ for a real number x denotes the least integer > x. 
Thus (Kerhjn tep ax t ,K) d — 0, and Lemma 110. 131 below implies that hm tcJ , a x t ,K is a uniform 
F-surjection, with bound for the exponent given by max{e — 2, 0}+ |Tog^(2e — 1)] +\og e (d). Hence, 
bv ll0.2l and ll0.41 ax.K has the stated properties. □ 

Lemma 10.13. Let C be a category, u: R — >• S be a homomorphism of pseudo-rings in GrVec . 
If u is a uniform F -injection (resp. uniform F -isomorphism) H6.9\) . then jim ^ u is also a uniform 
F-injection (resp. uniform F -isomorphism). More precisely, if m > is an integer such that for 
every object i of C and every a G Ker Ui, a m = (resp. and if n > is an integer such that for 
every object i of C and every b G Si, b l G lvaUi), then for every x G Ker hm^ u, x m — (resp. for 
every y G lim^ S and every integer N > n + log^(m), y N G Imlirn^ u). 

Proof. Let x — (xi) be an element in the kernel of lim^ u. Since Xi is in Keru^, x m = (x" 1 ) = 0. 

Assume now that u is a uniform F -isomorphism with bounds for the exponents given by m 
and n, and let y = (j/,) be an element of lim^ S. For every object i of C, take a; in Ri such that 

Ui(di) = af . For every morphism a: i — > j in C, the following diagram commutes 

Uj 

Rj Sj 

R a 

Ri >■ Si. 

It follows that 

Ui(R a {aj) - cti) = S a (uj{a.j)) - Ui(ai) = S a (yj ) - y \ = 0. 



Let h be the least integer > log^m). Then = (R a (a,j) — a,i) e = R a (aj) e —aj , so that w — (of ) 
is an element of lim ^ R. By definition, u(w) = y l + . □ 

In order to deal with the general case, we need the following lemma. 

Lemma 10.14. Let u: R — > S be a homomorphism of pseudo-rings in GrVec c endowed with a 
splitting itf.ty) . Then (Ker u)R = 0. In particular, (Kerw) 2 = 0. 

Proof. Let a G Keru, b G R. Since u(a) = 0, ab = u(a)b = 0. □ 
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Proposition 10.15. The first assertion of \8.S\ (b) hold. 

Proof. Hi: y — > X is a closed immersion, j : U — >■ X is the complement, then the following diagram 
of graded rings commutes: 

H*(y, Ri'K) H*(X, K) ^ H*(U,j*K) 

R*(y, m)K) R*(X, K) ^R*{U,K) 

The first row is exact and u is the composition of the inverse of the isomorphism R*(X, i*RrK) — > 
R*(y,RrK) and R*{X,uRvK) ->■ R*(X,K). The composition 

R*(y,Ri'K) A R*(X, K) -> R*{y,i*K) 

is induced by -> i*if, hence has square-zero kernel by 110.141 Thus (Keru) 2 = 0. It follows 

that if both ay Ri \ K and au,j'K have nilpotent kernels, then ax.K has nilpotent kernel. Using this, 
we reduce by induction to the global quotient case. In this case, the assertion follows from 110.51 
and gnU □ 

This finishes the proof of the structure theorem 18.31 (b). 

Lemma 10.16. Let C be a category. Let J- be a presheaf of graded commutative ¥p-algebras on C 
and let Q be an J- -module in GrVec K6. 9\) . Assume that, for every object X ofC, J~(X) = O q J-(X) q 
is a finitely generated ¥ (-algebra, T{X) q is finite- dimensional for all q, and Q(X) is a finitely 
generated T(X)-module. Let N be the set of morphisms f in C such that T(f) is an isomorphism. 
Assume that the category N~ 1 C has only finitely many isomorphism classes of objects. Then 
A = Ugly c F{X) is a finitely generated ¥g-algebra and lim X( _ c Q{X) is a finitely generated A- 
module. 

Proof. The presheaves T and Q on C factors through presheaves of N~ 1 C, still denoted T and Q, 
respectively. For objects X and Y of C, we say that two morphisms /, g: X — > Y in N~ 1 C are 
equivalent if F(f) = F{g) and Q(f) = G(g). For given X and Y, as the set of graded ring 
homomorphisms J~(Y) — > J~(X) is finite and, for every such homomorphism, the set of graded 
J r (Y")-module homomorphisms Q{Y) — > Q{X) is finite, there are only finitely many such equivalence 
classes. Moreover, this equivalence relation is compatible with composition. We thus obtain 
an essentially finite quotient category B of N~ 1 C having the same objects and such that the 
morphisms of B are the equivalence classes of morphisms in N~ 1 C. The presheaves JF and Q 
on N~ 1 C factors through presheaves on B, again denoted by J- and Q, respectively. By 16.21 and 
rmi the functor C -> N~ l C -> B is cofinal. Therefore, lim v „F(X) ^> lini „F(X) and 

lim G(X) —> lim „Q(X). It follows that A = lim F(X) is a finitely generated F^-algebra 
and ]^m x< _ c G(X) is a finitely generated A-module. □ 

Proof of \8.3\ (a). Let (ji : Xi — > X)i be a finite stratification of X by locally closed substacks. The 
system of functors (C^ — ► Cx)i is essentially surjective. Thus the map 

R*(X,K)^Y[R*(X u j*K) 

i 

is an injection. Thus, for the first assertion, we may assume that X is a global quotient stack, in 
which case the assertion follows from 16.161 (a) and 18.61 

Let N be the set of morphisms / in Cx such that (H*(¥ £,))(/) and (H* (K,))(f) are isomor- 
phisms. By 110.161 to show the second assertion, it suffices to show that N~ 1 Cx has only finitely 
many isomorphism classes of objects. Using again the fact that the system of functors (Cxi — > Cx)i 
is essentially surjective, we may assume in the above assertion that X = [X/G] is a global quotient. 
Consider the diagram (|8.4.2p . Note that the functor Ac{k)^ — > £g(tto) induces a bijection between 
the sets of isomorphism classes of objects, and Sg(^o) is essentially finite by |6.19l (a), thus Adk)^ 
has only finitely many isomorphism classes of objects. Moreover, as E is essentially surjective, 
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it suffices to show that, for every object (A,A',g) of Ac(k)\ the category M~ 1 P x a i has only 
finitely many isomorphism classes of objects. Here M is the set of morphisms / in P x a> such that 
(E? A A , g \H*(Wt,))(f) and {E* AA , g - ] H*(K m ))(f) is an isomorphism. Let (XA be a finite strati- 
fication of X A into locally closed subschemes such that K \ Xi has locally constant cohomology 
sheaves. For a given i, all objects in the image of Px f — > M~ 1 P xA > are equivalent. Moreover, the 
system of functors (Px t Px A ')i IS essentially surjective. Therefore, M~ 1 P xA > has only finitely 
many isomorphism classes of objects. □ 



11 Stratification of the spectrum 

In this section we fix an algebraically closed field k and a prime number t invertible in k. 

Construction 11.1. Let X be a separated algebraic space of finite type over k, G be an algebraic 
group over k acting on X . Define 

(11.1.1) (G,X) ;= Specff £ *([X/G]) red , 

where s = 1 if £ = 2, and e — 2 otherwise. In particular, for an elementary abelian ^-group A, 

A := (A, Spec k) = Spec(H A ) rcd 

is a standard affine space of dimension equal to the rank of A. The map (A, C)* (|6.8.1[) induces a 
morphism of schemes 

(11.1.2) (A, C% : A -> (G,X) , 
hence a(G,X) (|6.8.2p induces a morphism of schemes 

(11.1.3) Y := Urn A -> (G,X) . 

It follows from 16.101 that pi.l.3[) is a universal homeomorphism. 

By 14.81 (A, C% is finite. Moreover, J& G x ^ is essentially finite by 16.51 It follows that Y ~ 
Spec(hm, b (H A *) Te d) is finite over (G, X) and is a colimit of A in the category of ringed 

i (A,C)£A {GX) 

spaces. Moreover, the F^-algebras H 6 *([X/G]) re d and Urn b (H a ) ic a are equipped with 

i (A,C)6-4 (GX) 

Steenrod operations, compatible with the ring homomorphism H £ *( [X/G]) rc d ~ > tym, A . b (-ff^*)rcd 
fsee lll.5)) . 

The structure of Y is described more precisely by the following stratification theorem, similar 
to [321 10.2, 12.1]. 

Theorem 11.2. Denote by V(A,C) ^ e reduced subscheme of Y that is the image of the (finite) 
morphism A — > Y induced by (A, C). Let 

A + := A - (J A', 

A'<A 

V (A,C) : = V (AC) - IJ VfA'.OIA')) 
A'<A 

where A' < A means A' C A and A' ^ A, and C \ A' denotes the component of X A containing C . 
Then 

(a) The Weyl group Wg(A,C) (|6.4.2[) acts freely on A + and the morphism A + —> Y given by 
(A, C) induces a homeomorphism 



(11.2.1) A + /W G {A,C) -4 V, 



(AO- 
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(b) The subschemes V<a,C) ofY are the integral closed sub-cones ofY that are stable under the 
Steenrod operations on hm . (i?5*)red- 

(c) Let (Ai,Ci)i£i be a finite set of representative of isomorphism classes of objects of A^ G X y 
Then the Vt^a) form a finite stratification of Y , namely Y is the disjoint union of the 
VX C \, and V(A it Ci) 15 ^ e closure of c y 

The proof is entirely analogous to that of [321 10.2, 12.1]. One key step in the proof is the 
following analogue of [321 9.6]. 

Proposition 11.3. Let [A, C), (A',C) be objects of Ar G x y The square of topological spaces 



(11.3.1) 



A + x Horn 



{{A,C),{A',C')) ^A 



A+ 



(A,C) 



(A\C) 



Y 



is cartesian. Here the upper horizontal arrow is induced by 

ftom A > ((A,C),(A',C')) -+Kom{A,A), u ^ Spec(Bu)* ed , 

where [Bu)* : H%* -> Hf. 

As in [321 9-6], this follows from the fact that A^ G x \ admits fiber products, whose proof is very 
similar to that of [321 9.1]. 



Remark 11.4. The morphism (|11.2.1|) is not an isomorphism of schemes in general. In particular, 
the square (|11.3.1|) is not cartesian in the category of schemes. This is already shown by the 
example G = GLg, X = Spec(k), A = /x^ embedded diagonally in G. Let T be the standard 
maximal torus, {ei, . . . , eg} be the standard basis of T[i]. Then Wq{T) ~ Wa{T[£\) ~ &g acts on 
T[£] by permuting this basis, so that W G (A) = {1}. Note that Tj£] ~ S(T[£] y ) ~ F t [ti, . . . ,t e ], 
and Vtu\ — Y ~ T[£]/Wg(T[£}) can be identified with the spectrum of the symmetric polynomials 
in ti,...,ti. As the image of the d-th fundamental symmetric polynomial in t\,...,ti under 
homomorphism <j>: ¥ e\t\, . . . ,t(\ — > ¥i[t) carrying ti to t is for 1 < d < I — 1 and t e for d = £, the 
diagram of schemes 

A >T[£\ 



V A 



T[t] 



is given by the diagram of rings 



Felh,...,^} 



■F/tti,...,^]* 



Therefore, (|11.2.1|) is given by the Frobenius map on Fi[t, t 1 ]. 

Let (/, u) : (X, G) — > (Y, H) be an equivariant morphism with (X, G) and (Y, H) as before. The 
induced morphism of quotient stacks [f/u] : [X/G\ — > [Y/H] induces maps 

[f/u]*:H"([Y/H]) -> H e *([X/G\), (/,«): (Y. H) (X,G). 



Moreover, (/, u) induces a functor A^ u ^ : A, G x s 



A 



(H,Y) 



sending (A, C) to [uA, C'), where uA 



is the image of A under u and C' is the component of Y uA containing fC, the image of C under /. 
We have the following analogue of [321 10.9], with essentially the same proof. 
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Proposition 11.5. The following conditions are equivalent. 

(a) A^ u f\ is an equivalence of categories. 

(b) If /u\* is a uniform F -isomorphism. 

(c) (f,u) is a universal homeomorphism. 

Construction 11.6. As Michele Raynaud observed in [3H Section 4], the formalism of Steenrod 
operations [13] applies to the Ff-cohomology of any topos. Let us review the construction of the 
operations in this case. 

Let X be a topos, K be a commutative ring in D + (X, F^), i be an integer. The Steenrod 
operations are F^-linear maps 



P*: H*(X,K) 



H*+ l (X,K) ii £ = 2, 

H*+ 2( -*-V i (X,K) if £ > 2. 



For I = 2, P i is sometimes denoted Sq\ 

First note that for every complex M E C(X,¥(), &e acts on L® 1 by permutation of factors 
(with the usual sign rule). This induces a (non triangulated) functor 

(11.6.1) {-T l : D(X, ¥ t ) -> D([X/&t\,F e ). 

Here we used the notation [X/G\ for the topos of sheaves in X endowed with an action of a finite 
group G. For a morphism c: F^ — > M[q] in D(X,Fg), applying (Ill.G.ip . we obtain a morphism 

c® e : ¥ e ~ Ff 1 -> {M[q])® 1 ~ M® £ <8> 

in L>([A/e £ ],F £ ), where S E Mod([X/6*],F*) is the pullback of the sheaf on 56 £ given by the 
sign representation sgn: &e — > Ff . This defines a map 



(11.6.2) H q (X, M) -> ff^([X/6^],M^ <g> S® 9 ), 



Now choose a cyclic subgroup C of &e of order £ and a basis x of H 1 (BC,¥^) ~ Hom(C, Ff). 
Note that sgn | C is constant of value 1. Consider the composite map 

D c , x : H q (X, K) m ^ S > H ql {[X/G t lK m ® S® q ) ^ H ql ([X/& e ],K g> S® q ) 

-> fl"9*([X/C], if ) ~ H k (BC, Ft) ® H qi - k (X, K), 

k 

which turns out to be F^-linear. Here tt is given by multiplication K® e -> K. Recall (joTTTT) that 
for k > 0, H k (BC,¥e) = F f w fc , where Wfc = x^x)^ -1 ^ 3 for fc odd and Wfc = ((3x) k / 2 for fc even. 
We define 

D^: H q {X,K) -^H qi - k {X,K) 
by the formula Dq, x u = J2k Wk ® z u - Let m = We define 

r (_ 1 ) I +m( 9 2 - 9 )/2 (TO , ) - 9 ^2 I )(£-l) if ^ > 2; g > 2l; 

P b, x =\,D q c -; x i£t = 2,q>i, 

[ otherwise. 

For £ = 2, we have C = ©2 and x is unique. For £ > 2, er E ©^ and a E F^ , P> 2k c<J -\ a t xoc \ — 
sgn(a) g a Dq x , where c a : aCa^ 1 — > C is the homomorphism g n- o~ x go. Thus 

^C.- 1 ,a(^)=sgn(a)"(a™)^, 

where a m = ±1. In particular, up to a sign, P % c is independent of the choices of C and x. Let 
T £ 6; be the permutation defined by T(n) = n + 1 for n E Z/£Z. In the following we will take 
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C to be the subgroup generated by T and take x to be the dual basis of T, and omit them from 
the indices. 

For a homomorphism of commutative rings K —> K', the induced homomorphism H*(X, K) — > 
H*(X,K') is compatible with Steenrod operations on H*(X,K) and H*(X,K'). Moreover, for 
a morphism of topoi / : X — > Y, Steenrod operations are compatible with the isomorphism 
H*(X, K) ~ H*(Y, Rf*K). 

It is easy to check the following properties of Steenrod operations, where we write H* for 
H*(X, K): 

• For x £ H l (resp. x £ H 2% ), P l x = x e if £ = 2 (resp. I > 2); 

• If one defines 

P t : H* -4 

by Pt(x) = J2iezP l ( x )t Z i then P t is a ring homomorphism (Cartan's formula). 

In the case where X has enough points and K £ Mod(X, F^), Epstein showed the following 
additional properties [131 8.3.4]: 

• P t : H* ->• #*[£]. In other words, P* = for t < 0. 

• P° = id for K — Fi (this depends on the choices of C and x above). 

In particular, P t (x) =x + xH for x £ H 1 (X,W i ), £ = 2 (resp. x £ iJ 2 (X,F^), £ > 2). 

The above applies in particular to the lisse-etale topos of an Artin stack. For a morphism of 
Artin stacks / : X —> y and a commutative ring K £ D^ It (X, Fi), Steenrod operations are compat- 
ible with the isomorphism H*(X,K) ~ H*(Y,Rf*K). Therefore, for K' £ D+ rt (Y,lt), Steenrod 
operations are compatible with the restriction homomorphism H*{Y,K') — > H* (X, f* K'). 

For some related results on the Chow rings of classifying spaces, we refer the reader to [T5] . 
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